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Abstract
The magnetic field evolution of ground spin states of the stacked planar triangular
antiferromagnet with antiferromagnetic interlayer interaction Jc is explored using a
minimal 3D classical Heisenberg model (published in Ref. [1]). A bi-quadratic coupling
is also used to mimic the effect of spin fluctuations [2] which are known to stabilize the
magnetization plateau. A single ion anisotropy is included and states with a magnetic
field applied in the ab-plane and along the c-axis are determined. For H ‖ ab-plane,
an additional state, in contrast to the 2D model [2], is obtained with weak interlayer
interaction. Meanwhile the magnetization plateau decreases with the increment of
Jc and vanishes at medium values of Jc. Moreover, two new states with a small z
components of spins emerge with large Jc. For H ‖ c-axis, an extra state, compared
with the 2D model, is obtained with a weak interlayer interaction. When Jc is large
enough, only the state corresponding to the Umbrella phase in the 2D model exists.
High-resolution ultrasonic measurements are used to study magnetoelastic cou-
pling as a function of the inplane magnetic field orientation in the spin-1/2 triangular
lattice antiferromagnet Ba3CoSb2O9 (published in Ref. [3]). Via these measurements,
the relevance of this coupling in stabilizing the 1/3 magnetization plateau (up-up-down
state) is explored. The analysis indicates that, while the magnetoelastic coupling in
Ba3CoSb2O9 is large, in comparison to other triangular lattice antiferromagnets, the
strength of this coupling is still too small to fully account for the magnetization
ii
plateau width in Ba3CoSb2O9. Spin fluctuations are therefore the dominant mecha-
nism inducing and stabilizing the magnetization plateau. Our results also show that
the amplitude of the spin fluctuations suddenly drops as the V phase is induced at
higher field. Furthermore, as the temperature approaches the uud phase boundary
from the paramagnetic state, the short range spin correlation, responsible for the soft-
ening of the acoustic modes, are also observed. Comparing the experimental results
in ordered states at different temperatures, our results indicate that the effect of the
thermal fluctuations on the magnetoelastic coupling are negligible at low temperatures
in comparison to that of the quantum fluctuations.
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General summary
In magnetic materials, the magnetic properties are mainly decided by the neighboring
magnetic moments, usually related to the spins of electrons. When the temperature
is higher than a critical temperature, called the Néel temperature (TN) or Curie tem-
perature (TC), the interaction between the magnetic moments is negligible, which is
known as the paramagnetic state. In typical antiferromagnetic materials with T < TN ,
the nearest neighboring magnetic moments lie in antiparallel alignment due to the in-
teraction. However, considering an equilateral triangle formed by three magnetic ions,
the three magnetic moments cannot be antiparallel to each other at the same time.
These materials, comprised of equilateral triangular sublattices, are called geometri-
cally frustrated antiferromagnets, such as triangular lattice antiferromagnets (TLAF).
Quasi two dimensional TLAF are composed of stacked basal planes formed by trian-
gular sublattices, in which the interaction between the interlayer nearest neighboring
magnetic ions is much smaller than the interaction between the nearest neighboring
magnetic ions in the basal plane. The quasi-2D TLAF have been widely studied
in recent decades, since they show an impressive variety of exotic magnetic ground
states.
Although the intra-plane interaction in the quasi-2D TLAF is dominant, the weak
interlayer interaction still plays an important role. Therefore, we explore the effects
of the interlayer interaction with different values in the quasi-2D TLAF using a 3D
iv
classical Heisenberg model. Moreover, the mechanism, which is derived from spin
fluctuations or lattice distortion, are included for stabilizing the magnetic ground
states. Compared with 2D model, new ground states are obtained with the interlayer
interaction.
Ba3CoSb2O9 is a typical quantum quasi-2D TLAF, in which quantum and thermal
fluctuations are considered to stabilize the magnetic ground states. While the spin-
lattice coupling (magnetoelastic coupling) is also an important mechanism, which is
studied using high-resolution ultrasonic measurements in Ba3CoSb2O9 at different
low temperatures and applied magnetic fields. The experimental results show that
the spin fluctuations not only dominate stabilizing the magnetic ground states, but
also present strong effects on the magnetoelastic coupling. Furthermore, the results
at the two lowest temperatures indicate that the quantum fluctuations are dominant
while the thermal fluctuations are negligible.
v
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In typical antiferromagnets, nearest neighbour spins form collinear configuration with
their magnetic moments antiparallel to each other. However, for some geometries,
such as three atoms forming an equilateral triangle, not all neighbouring spins can
be antiparallel at the same time to form the lowest energy state. Thus, due to their
geometry these antiferromagnets are said to be geometrically frustrated (as illustrated
in Fig. 1.1(a)). Due to this frustration, the ground state energy of a triangular lat-
tice antiferromagnet (with nearest-neighbor exchange) is known to be minimized by
forming a non-collinear configuration with spins at an angle of 120◦ relative to each
other, leading to two degenerate chiral states shown in Fig. 1.1(b) and (c). This
type of magnetic configuration has been effectively observed in many geometrically
frustrated systems based on triangular and kagomé lattice types (Figure 1.2(a) and
(b)); while more complicated frustrated systems such as the four-neighbor pyrochlore








Figure 1.1: Frustrated triangular lattice antiferromagnet [4]. (a) shows the geometric
frustration; (b) and (c) are two 120◦ degenerate chiral states.
frustrated magnets have been widely studied in recent decades because they show an
impressive variety of exotic magnetic ground states [4, 12–16].
Due to the degeneracy associated with frustration, a lower temperature is needed
for the ordering of the spin system to take place. Since the scale for magnetic ordering
in a typical antiferromagnet can be estimated by the Curie-Weiss temperature ΘCW
[17], by comparing ΘCW with the critical temperature Tc, an empirical measurement






Here, f > 1 corresponds to a suppression of the ordering of the spins, as a result
of frustration. In the extremely frustrated limit f = ∞, the spins keep fluctuating






Figure 1.2: Three kinds of geometrically frustrated antiferromagnets: (a) triangular
lattice, (b) kagomé lattice, (c) pyrochlore lattice.
Tb2Ti2O7 [26–29], YbMgGaO4 [30–32] and ErMgGaO4 [33,34]. Spin ice state, which
is analogous to the configurations and the positions of protons and O2− in water ice,
is another example of exotic ground state due to frustration. Each O2− in water ice
has two near protons with covalent bonds, and two further protons with hydrogen
bonds [35]. Analogously, in each tetrahedron comprised by magnetic ions as shown
in Fig. 1.3, the four magnetic Ising moments are along their local 〈111〉 axes, with
two spins pointing inward and the other two pointing outward from the centre of
the tetrahedron. In several pyrochlore lattice materials, such as Ho2Ti2O7 [36, 37],
Dy2Ti2O7 [38,39] and Ho2Sn2O7 [40], the spin ice states have been discovered at low
4
temperatures.
Figure 1.3: The spin ice states with the two-in and two-out spin configuration in each
tetrahedron are shown in the pyrochlore lattice of corner-sharing tetrahedra.
1.2 Stacked triangular lattice antiferromagnets
For the triangular lattice antiferromagnets (TLAF), while the effects of frustration are
mostly understood by now, there has been renewed interest due to the observation of
a magnetization plateau (see Fig. 1.4 and Fig. 1.5) in a variety of TLAFs [6,41–47]. So
far, magnetic materials composed of stacked triangular lattices have been widely stud-
ied, including quasi-1D and quasi-2D materials with easy-plane or easy-axis anisotropy
or other types of anisotropy [4]. Quasi-1D magnetic systems, such as quasi-1D TLAF
CsNiCl3 [48–51], have been well described by classical models. While the observa-
tion of magnetization plateau in quasi-2D TLAFs, well below the saturation limit, is
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accounted for by different mechanisms. As an example, the magnetization plateau
observed with magnetic field applied normal to the basal plane of Rb4Mn(MoO4)3
with spin-5/2 [52, 53], is stabilized by the easy-axis anisotropy. In contrast, different
mechanisms are needed to explain the magnetization plateaus induced by the in-plane
field in the TLAFs with easy-plane anisotropy as follows. Cs2CuBr4 [42,54–56], which
has spin-1/2, is the first quasi-2D TLAF compound showing a magnetization plateau;
however, the triangular lattice is slightly distorted. This distortion, in that case, can
therefore be partially responsible for the magnetization plateau along with spin fluc-
tuations. While, for TLAF with equilateral triangular lattice, such as RbFe(MoO4)2
with spin-5/2 [44, 45, 57–63] and Ba3CoSb2O9 with spin-1/2 [6, 46, 64–66], the mech-
anism accounting for the magnetization plateau is believed to be attributed to spin
fluctuations [2, 67, 68]. Finally, it has been proposed that strong magnetoelastic cou-
pling [69–73] can also lead to the observation of a magnetization plateau.
The magnetic phase diagram by M. V. Gvozdikova et al. [5], determined from
Monte Carlo simulations using a classical Heisenberg model for isotropic 2D TLAFs, is
shown in Fig. 1.4. According to these simulations and other numerical works [8,74–76],
the anticipated spin configurations are illustrated in Fig. 1.4, which are consistent
with the experimental results with H ‖ ab plane as shown in Fig. 1.5. At H = 0, the
spins adopt a 120◦ configuration in the basal plane. At low field, a so-called Y state
corresponds to a configuration where two moments are at some angle relative to the
field while the other is opposed to the field direction. At intermediate field values,
the magnetization plateau is associated with the up-up-down (uud) state where two
spins are parallel to magnetic field while the third one is antiparallel. Finally the Vxy
state has two parallel spins with an angle less than 180◦ with respect to the third
spin. As shown in Fig. 1.6, these predictions compare well with recent experimental
results obtained for the spin-1/2 easy-plane quasi-2D TLAF Ba3CoSb2O9 where TN
6
Figure 1.4: The H-T phase diagram of TLAFs determined using Monte Carlo simula-
tions by Gvozdikova et al. [5]. Reprinted with permission from [M V Gvozdikova, P-E
Melchy, and M E Zhitomirsky, Journal of Physics: Condensed Matter, 23(16):164209,
2011]. Copyright (2011) by Institute of Physics.
= 3.8 K [9]. While this simple classical model accounts well for the observed phase
sequence as a function of the field, as well as a magnetization plateau associated with
the collinear uud state for T > 0 K [5], it fails considerably at T = 0 K where the
width of the magnetization plateau collapses, in contradiction with the experimental
observations (Fig. 1.6 [9]). Considering that thermal fluctuations, which is known as
entropic order by disorder mechanism [67,68], generally favor collinear states [5,68,75],
it has been proposed and shown that quantum fluctuations can be the mechanism for







Figure 1.5: Magnetization processes of Ba3CoSb2O9 at 1.3 K for H ‖ ab-plane (left)
and H ‖ c-axis (right) [6]. The dashed black and solid blue lines represent the results
of a higher-order coupled cluster method (CCM) [7] and exact diagonalization (ED)
for a 39-site rhombic cluster [8], respectively. Reprinted with permission from [Takuya
Susuki, Nobuyuki Kurita, Takuya Tanaka, Hiroyuki Nojiri, Akira Mat- suo, Koichi
Kindo, and Hidekazu Tanaka, Phys. Rev. Lett., 110:267201, 2013]. Copyright (2013)
by American Physical Society.
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Figure 1.6: Experimental H-T phase diagrams of Ba3CoSb2O9 obtained by ultrasonic
measurements for H ‖ a-axis [9]. Reprinted with permission from [G. Quirion, M.
Lapointe-Major, M. Poirier, J. A. Quilliam, Z. L. Dun, and H. D. Zhou, Phys. Rev.
B, 92:014414, 2015]. Copyright (2015) by American Physical Society.
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1.3 Properties of Ba3CoSb2O9
As a paradigmatic quantum quasi 2D TLAF, Ba3CoSb2O9 is an ideal crystal to explore
the contribution of the spin fluctuations and the magnetoelastic coupling for lifting
the classical degeneracy and stabilizing the magnetization plateau. In this chapter, we
present the properties of Ba3CoSb2O9, including the crystal symmetry, the nearest-
neighbor exchange coupling, spin value and anisotropy, which is applied in the mean-
field model used for analyzing the experimental results in Chapter 7.
The hexagonal crystal structure of Ba3CoSb2O9 with space group P63/mmc [64,78]
is shown in Fig. 1.7. The Co2+ ions, located at the center of the blue octahedrons
comprised of O2−, form a perfect triangular lattice which are stacked directly on top
of each other [6]. Due to the double layers of nonmagnetic Sb5+ ions, the intralayer
nearest-neighbor exchange interaction Jab = 18 K is nearly two orders of magnitude
larger than the interlayer interaction Jc = 0.48 K [6]. Moreover, due to the spin-
orbit coupling and uniaxial crystal field, the magnetic properties of Co2+ ions at low
temperatures (T . 250 K) are determined by the lowest Kramers doublets [46]. As
a result, Co2+ ions in Ba3CoSb2O9 have an effective spin equal to 1/2. Thus, so far
Ba3CoSb2O9 is probably the best prototype of a spin-1/2 triangular antiferromagnetic
frustrated quantum system. This is supported by magnetization measurements which
show a well defined magnetization plateau (Fig. 1.5) for a field applied in the basal
plane at a value that corresponds to 1/3 Ms, where Ms represents the saturation
magnetization. However, for a field applied along the c-axis, while there is also a
magnetic phase transition around the same field value, no plateau is observed [6]. The
experimental results of Ref. [6] also indicate the magnetic anisotropy of Ba3CoSb2O9
is of the easy-plane type.
We present in Figure 1.8 the magnetic phase diagram of Ba3CoSb2O9 determined
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by sound velocity measurements [9] with a sketch of the spin configurations determined
from neutron scattering at low fields [66], while at higher fields they are derived from
numerical models [11]. From the experiment results, it is known that Ba3CoSb2O9
begins to order at a critical temperature TN = 3.8 K at H = 0 and forms the expected
120◦ phase in the ab plane [9,46,47] with a magnetic wave vector Q = (1/3, 1/3, 1) [47].
With an increasing magnetic field H ‖ ab-plane, Y, uud and V states in the basal
plane are shown in Fig. 1.8. Due to the easy-plane anisotropy, the observed spin
orders are different with H ‖ c-axis. As shown in Fig. 1.8, the umbrella state (U
state) corresponds to a state where the spins adopt a 120◦ configuration in the ab-
plane with a uniform component along the c-axis (the field direction in this case). At
higher field another Vz state is observed with all spins lying in a plane including the
c-axis. These results at low temperatures shown in Fig. 1.8 agree with the numerical









Figure 1.7: Crystal structure of Ba3CoSb2O9. The magnetic Co
2+ ions, located at the
center of the blue octahedrons comprised of O2−, form a perfect triangular lattice [6].
The double layers of nonmagnetic Sb5+ ions locate between two planes of the magnetic
ions.
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FIG. 3. (Color online) Relative velocity variation of the trans-
verse mode showing the field hysteresis for the first-order phase
transition observed at 12 T with H ! ĉ.
coupling for the transverse mode is about 60 times stronger
than what is obtained for the longitudinal mode.
In order to complete our investigation of the magnetic
properties of Ba3CoSb2O9, we also performed a series of
measurements as a function of temperature at constant field
values. For clarity, the data presented in Fig. 4 for H ! â
FIG. 4. (Color online) Temperature dependence of the relative
velocity variation measured at different fields. On the left-hand side
we present results for VT [100]P [010] and VL[100] with H ! ĉ, while on
the right-hand side we show results obtained with H ! ĉ.
have been divided into three field ranges H < Ha1, Ha1 <
H < Ha2, and H > Ha2. At low fields, the phase boundary
corresponds to a minimum of VT [100]P [010], while in the
intermediate range the critical temperature corresponds to the
point at which the slope is at its maximum. Again, at high
fields, the transverse mode velocity shows a large variation
(!V/V " #7.4% at H = 16 T) with the transition associated
with a minimum on each curve. With the field applied along the
c axis, both modes show the same type of evolution. As the field
increases, the minimum in the velocity is gradually replaced by
a region where the slope is maximal. We also notice that the
variation above the critical temperature, which we associate
with magnetoelastic effects, increases significantly as the field
is increased ("#0.25% just above 4 K on VT [100]P [010]).
IV. MAGNETIC PHASE DIAGRAM OF Ba3CoSb2O9
These sets of velocity measurements as a function of
temperature and field have been used to construct the magnetic
phase diagram of Ba3CoSb2O9 for H ! â and H ! ĉ. The
phase boundaries presented in Fig. 5 have been obtained
using anomalies observed on VT [100]P [010] and VL[100] where
the temperature and the field have been cycled in order to
identify first-order transitions. Our phase diagram for H ! â
PM
PM
FIG. 5. (Color online) Experimental phase diagrams of
Ba3CoSb2O9 for H ! â and H ! ĉ obtained from sound velocity
measurements as a function of temperature (black points) and field
(red points). Solid black lines indicate continuous phase transitions,










Figure 1.8: Experimental H-T phase diagrams of Ba3CoSb2O9 obtained by ultrasonic
mea urements for H ‖ a-axis and H ‖ c-axis [9]. Reprinted with permission from [G.
Quirion, M. Lapointe-Major, M. Poirier, J. A. Quilliam, Z. L. Dun, and H. D. Zhou,
Phys. Rev. B, 92:014414, 2015]. Copyright (2015) by American Physical Society.
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1.4 Motivation
In order to mimic effect of spin fluctuations, which is important for stabilizing the
magnetization plateau of the equilateral TLAF with easy-plane anisotropy (see Sec-
tion 1.2), we includes a bi-quadratic exchange coupling between nearest-neighbour
ions within the basal plane [2, 79] in the Heisenberg model. Meanwhile, as shown
in Fig. 1.5, the magnetization anomaly observed near 3/5 Ms in Ba3CoSb2O9 with
H ‖ ab-plane indicates an extra phase [6, 80] between uud and V states which could
be accounted for by a weak interlayer exchange coupling [11, 74]. As we will show,
this classical approach allows us to study in detail the effects of interlayer interaction.
Furthermore, as the bi-quadratic exchange coupling term, responsible for the magne-
tization plateau, can also be associated with the spin-lattice coupling (magnetoelastic
coupling) [69–73], the strength of this possible contribution is explored experimentally
via ultrasonic velocity measurements in Ba3CoSb2O9. Finally, a mean field model,
in which the symmetry of hexagonal lattice is taken into consideration, is applied to
analyze the experimental results.
1.5 Thesis outline
The remainder of this thesis is organized as follows. We first present the H-T phase
diagrams with H ‖ x-axis and H ‖ z-axis using a Landau model in Chapter 2. This
same model will be expanded in order to analyzed the effect of the magnetoelastic
coupling on the sound velocity data presented in Chapter 7. In Chapter 3, we explore
the effects of interlayer and bi-quadratic exchange coupling on layered triangular lat-
tice antiferromagnets using a 3D Heisenberg model (the subject of our publication
Ref. [1]). The ultrasonic measurement, which is used for exploring the magnetoelastic
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coupling of Ba3CoSb2O9 sample (the subject of our publication Ref. [3]), is described
in Chapter 4. Then, the experimental setup and the results of the field angular de-
pendence of relative velocity variation, v(φ)/v, measured at constant temperatures
and fields are presented in Chapter 5. In order to analyze the experimental results, a
mean-field model which explicitly takes into account the magnetoelastic coupling for
a hexagonal lattice structure is presented in Chapter 6. In Chapter 7, we show the
analysis of experimental results for the magnetoelastic coupling and spin fluctuations.
Finally, a summary and conclusions are contained in Chapter 8.
Chapter 2
Landau model
2.1 Introduction to Landau model
2.1.1 Landau free energy and order parameter
Landau model is a macroscopic mean-field model which gives a phenomenological
description of both first order and second order phase transitions without knowing the
microscopic causes of the phase transitions [81]. In Landau theory, phase transitions
are described by an order parameter which is nonzero in the ordered state and zero in
the disordered state. Furthermore, in our work describing magnetic phase transitions,
it is assumed that the Gibbs free energy can be expanded in a power series of the
order parameter (S), as given by





6 + ..., (2.1)
where S is the local magnetic moment. In order to explore a real system, the symme-
tries of the system must be satisfied. As one of the most important characteristics, the
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time reversal symmetry changes the sign of the odd powers of S due to the property
of pseudo-vector. Thus, only even powers of the order parameter are allowed. The











when ignoring the higher order terms. Moreover, it is assumed that only the coefficient
A is temperature dependent and defined as
A = a (T − T0) , (2.3)
where T0 is a transition temperature. In order to change the sign of A at T0 corre-
sponding to a phase transition, a is set to be a positive constant. For a stable state,
the coefficient of the highest order term must be positive (C > 0). Finally, the sign
of the coefficient B (Eq. 2.2) then determine whether the character of the transition
is first or second order.
2.1.2 Second order phase transition









Minimizing Eq. 2.4 relative to S, we obtain
∂FL
∂S





0, for T > T0√
−A
B
, for T ≤ T0,
(2.6)
where
A = a(T − T0) (2.7)
with a > 0. For T > T0, the system has its minimum energy with S = 0 which
corresponds to the disordered phase. The solution below T0 describes the ordered
state where the order parameter temperature dependence is given by,
S =
√
a(T0 − T )/B, (2.8)




Figure 2.1: The order parameter S as a function of temperature for a second order
phase transition.
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The Landau free energy FL as a function of the order parameter S at different
temperatures is illustrated in Fig. 2.2. For T > T0, the minimum value of FL is
observed at S = 0. When T < T0, the equilibrium point shift to |S| 6= 0. As shown
in Fig. 2.1, the magnitude of the order parameter changes continuously at T0, which






Figure 2.2: Landau free energy as a function of the order parameter S at various
temperatures for a second order phase transition.
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2.1.3 First order phase transition
For B < 0, the positive 6th order term (C > 0) of Eq. 2.2 is needed to stabilize a
minimum Landau free energy. Solving the equation
∂FL
∂S




















+ T0, A = a(T − T0). (2.11)
The curves of the Landau free energy (Eq. 2.4) as a function of the order parameter
S at various temperatures are illustrated in Fig. 2.3. Decreasing the temperature
(red arrows in Fig. 2.4) from T > T1 down to T = T0, the system remains in the
disordered state associated with S = 0 due to the energy barrier, even if a local
minimum (associated with a metastable state) exists. Then, the system transfers to
the ordered state (S 6= 0) at T = T0 with the disappearance of the energy barrier.
In contrast, when the temperature increases from T < T0, the system stays in the
ordered state until the phase transition occurs at T = T1 (blue arrows in Fig. 2.4).
Therefore, in general, first order phase transition is identified by the observation of











Figure 2.3: Landau free energy as a function of the order parameter S at various




Figure 2.4: The order parameter S as a function of temperature for a first order phase
transition.
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2.2 Landau free energy of TLAF
The phenomenological Landau free energy can also be obtained from some microscopic
details associated with a specific system, where the crystal symmetry is taken into
account. This nonlocal free energy approach has been used with success to account
for the magnetic phase diagrams of many magnetic systems by M. L. Plumer [82,83].
In this work we adopt the same approach by expanding the free energy of 2D TLAF
in term of the spin density s(r) up to fourth order. In this case, the isotropic terms
























where V is the crystal volume, i, j, k, l correspond to the x, y, z coordinates, τ = r− r′.
Furthermore, we assume that the coefficients Jij and Bijkl depend only on differences
between pairs of coordinates. While the inversion symmetry requires that J(τ) =







where ρ(r) represents a spin density expressed in term of a single Fourier component
Q = (1/3, 1/3) (determined from neutron scattering measurements [47]), so that
ρ(r) = m + SeiQ·r + S∗e−iQ·r, (2.14)
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where R is the positions of the magnetic ions, m is the uniform magnetization induced
by the magnetic field, and S is the spin polarization vector. In this description,
the total spin is decomposed into a ferromagnetic component represented by m and
the antiferromagnetic configuration defined by S. While the net magnetization m
increases with the increment of H, the sum over Si remains equal to zero at all
temperature and magnetic field.
After integration, the free energy F (as derived by M. L. Plumer [10, 82, 84]) can
be written in term of isotropic terms FI and an anisotropic contributions FA (here
higher power anisotropic terms are ignored), where















4 + 2B4 |m · S|2 +B5m2S2,
(2.16)
and






where AQ and A0 are both temperature dependent coefficients defined as
AQ = a (T − TQ) and A0 = a (T − T0) , (2.18)
with a > 0, while TQ and T0 represent the Néel temperature and the Curie temper-
ature, respectively. To allow for possible nonlinear spin configurations, the complex
polarization vector S is written as
S = S1 + iS2, (2.19)
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with
S1 = − S cos β (sin θρ̂1(φ) + cos θẑ),
S2 = − S sin β ρ̂2(φ),
(2.20)
and
ρ̂1(φ) = cosφ x̂ + sinφ ŷ,
ρ̂2(φ) =− sinφ x̂ + cosφ ŷ,
(2.21)
where x̂ ⊥ ŷ ⊥ ẑ are orthogonal unit vectors. Here, in order to possibly account
for the spin polarization of the V phase, as observed in Ba3CoSb2O9 [6, 9] and
RbFe(MoO4)2 [45, 62], we modify S1 and S2 by adding the angle φ which was not
considered by M. L. Plumer [10, 82, 84]. The values of β, θ and φ, which depict the
possible configuration of spin polarization with H ‖ x-axis and H ‖ z-axis, are pre-
sented in Table 2.1. As shown in Fig 2.5, the three phases with H ‖ x-axis, Y, uud
and V, and the two phases with H ‖ z-axis, U and Vz, are comprised of the uniform
magnetization (m) induced by the magnetic field and the spin polarization vector (S).
For H ‖ x-axis, all spins orient in the basal plane due to the easy-plane anisotropy,
which corresponds to θ = π
2
for all states. Here β represents the configuration of the
spin polarization, while φ indicates the orientation of the configuration relative to the
field direction. For H ‖ z-axis, the spin polarization S also orients in the basal plane,
meanwhile φ can be any value due to the isotropy of the basal plane.
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H ‖ x-axis 120◦ (H = 0) Y uud V
β π/4 0 < β < π/4 0 0
θ π/2 π/2 π/2 π/2
φ 0 0 0 π/2
H ‖ z-axis 120◦ (H = 0) U Vz
β π/4 π/4 0
θ π/2 π/2 π/2
Table 2.1: The values of β, θ and φ for 120◦, Y, uud and V states with H ‖ x-axis,
and for U and Vz states with H ‖ z-axis.
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+
∑ mx ∝ Hx ∑ S = 0
+
∑ mx ∝ Hx ∑ S = 0
0 < β < π4 , θ =
π
2 , ϕ = 0
Y state uud state
+
∑ mx ∝ Hx ∑ S = 0
V state
β = 0, θ = π2 , ϕ = 0 β = 0, θ =
π





U state Vz state
+ In xy-plane
∑ mz ∝ Hz ∑ S = 0




∑ mz ∝ Hz ∑ S = 0
β = 0, θ = π2
120∘
Figure 2.5: The ground states of the magnetization process of TLAF with H ‖ x-
axis and H ‖ z-axis are illustrated using the uniform magnetization (m) induced
by the magnetic field and the spin polarization vector (S). With the increment of
the magnetic field, the magnetization increases, while S shrinks and changes the
configuration.
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2.3 Schematic H-T phase diagrams by the Landau
model with 4th order
The competition between several terms in the free energy determine the spin config-
urations in different phases. The free energy of a triangular based lattice has been
already studied in detail by M. Plumer [10] and the role of each coefficient is well
understood. Since Ba3CoSb2O9 has an easy-plane anisotropy, we must impose Az < 0





z can be omitted for convenience. Moreover, with B2 > 0, the term
1
2
B2 |S · S|2 is minimized for a helical polarization state. Furthermore, we must con-
sider B4 < 0, as S ‖ H minimizes the term 2B4 |m · S|2 at high field value. Although
from Ref. [10] it is known that the Hx-T phase diagram of Ba3CoSb2O9 shown in
Fig. 1.8 cannot be obtained using the 4th order Landau model, we can still explore
the values of the parameters in Eq. 2.15 which can assist to determine the coefficients
of high order Landau model in Sec. 2.4. Theoretically, the spin density can account
for the V phase (see Fig. 2.5), but we only obtain the 120◦, Y, uud states minimiz-
ing numerically the free energy at T = 0. Therefore, we determine only the phase
boundaries for P→uud and uud→Y in this section.
In the paramagnetic state, as S is zero, the Landau free energy reduces to











so that mx can be obtained by minimizing FP with respect to mx. According to
Eq. 2.22, we have
∂FP
∂mx
= −Hx + A0mx +B3m3x = 0 (2.23)
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for low field. Considering that mx = χHx in the paramagnetic state, where χ is the








for the Curie-Weiss susceptibility.
In the uud state, where β = 0, θ = π
2



























Thus, minimizing Eq. 2.26 relative to mx and S, we obtain the equations
∂Fuud
∂mx
= −Hx + A0mx +B3m3x + 4B4mxS2 + 2B5mxS2 = 0,
∂Fuud
2S∂S








Solving Eqs. 2.27 with the condition that |S| = 0 at the paramagnetic (P)→uud phase
boundary, we obtain the condition








In the Y state, considering 0 < β < π
4
, θ = π
2
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2 cos2 β + 2B1S
4 sin2 β cos2 β −B2S4 sin2 β cos2 β
+B1S






Minimizing Eq. 2.30 relative to S, mx and β, we have that
∂FY
2S∂S







− 2B4m2x sin2 β − 4B2S2 sin2 β + 4B2S2 sin4 β = 0,
∂FY
∂mx
= −Hx + A0mx +B3m3x + 2B5mxS2 + 4B4mxS2 cos2 β = 0,
1
4S2 cos β sin β
∂FY
∂β
= −B4m2x −B2S2 + 2B2S2 sin2 β = 0.
(2.31)
Solving Eqs. 2.31 with the condition that β = 0 at the Y→uud phase boundary, we
obtain the analytical solution
Hx(Y → uud) = A0mx +










For H ‖ z-axis, the U state is obtained at low field, where β = π
4
, θ = π
2
and φ = 0.
Therefore, the landau free energy is
















Using the same method, we obtain that
∂Fu
∂mz








Solving Eqs. 2.35 with the condition that S = 0, we obtain the analytical solution of
the boundary between U and paramagnetic states







In order to determine all parameters (given in Table 2.3) in the Landau free energy
Eq. 2.15, we solve the equations Eq. 2.18, Eq. 2.25, Eq. 2.28, Eq. 2.32 and Eq. 2.36
with data (listed in Table 2.2) obtained and estimated from experiments. The corre-
sponding Hx-T and Hz-T phase diagrams are shown in Fig. 2.6, which are consistent
with Ref. [10]. The second order phase transitions confirmed in experiments [9, 65],
the Y→uud and paramagnetic (P)→uud with H ‖ x-axis, the P→U with H ‖ z-
axis, are obtained. Moreover, the Hx-T phase diagram of the quasi 1D frustrated
TLAF CsMnBr3, which has the same space group as Ba3CoSb2O9 (P63/mmc) [85]
and easy-plane anisotropy [86], has been successfully reproduced by M. L. Plumer
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et al. [87] using the 4th order Landau free energy Eq. 2.15. However, in the case of
CsMnBr3 [88] the coefficient B4 is positive, reproducing the elliptical and linear states
with S ⊥ m [87], while for Ba3CoSb2O9 the two ordered states have S ‖ m instead.
Therefore, in order to reproduce the V state with H ‖ x-axis and the Vz state with
H ‖ z-axis, 6th order terms of Landau free energy, which favor S ⊥ m at high field,
are needed.
χ(10K, 0.5T) 1.72× 10−3 [65]
TQ(H = 0) 3.8 K [9]
T0 -70 K
Hx(Y → uud)(T = 0) 10 T [9]
Hx(uud→ P )(T = 0) 32 T
Hz(U → P )(T = 0) 40 T
Table 2.2: The data obtained and estimated from experiments.
a Az B1 B2 B3 B4 B5
0.2 -0.1 0.81 0.66 1.63 -0.5 1.3
Table 2.3: Values of the parameters in the 4th order Landau free energy Eq. 2.15.
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Figure 2.6: Hx-T and Hz-T phase diagrams by the Landau model with 4
th order.
The solid curves represent the analytical solutions. The discrete points denote the
numerical results. Also see Ref. [10].
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2.4 Schematic H-T phase diagrams by the Landau
model with 6th order
In the experimental H-T phase diagrams of Ba3CoSb2O9, shown in Fig. 1.8, there are
several features which cannot be obtained using 4th order Landau model. For H ‖ a-
axis, there are two multicritical points, (3.9 K, 5 T) at low field and (3.9 K, 17 T)
at high field [9]. Meanwhile, the paramagnetic state transfers to the Y state at low
fields. Moreover, TQ increases with the increment of the applied field with medium
values in the uud state. At last, the V state exists at high fields. For H ‖ c-axis, the
multicritical point and the Vz state are not reproduced. In an attempt to account for
these features, we take into consideration 6th order terms in the Landau free energy.



















+D3 |m · S|2m2 +D4 |S · S|2 S2












In this work, we ignore the last three 6th order terms setting D8, D9, D10 equal to zero,
since the other seven 6th order terms are sufficient to determine the features missed
using the 4th order Landau model. As the V and Vz states at high fields correspond
to configurations with S ⊥m (see Fig. 2.5), D3 and D5 are set to be positive in order
to favor these two states. Moreover, we must consider D4 < 0 and D6 < 0 due to the
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collinear configuration of the spin polarization (S) in the V and Vz states.
The numerical minimization of Eq. 2.38 using Mathematica is applied to deter-
mine the states and the phase boundaries with the data estimated and obtained from
experimental results listed in Table 2.4. The values of all coefficients are presented in
Table 2.5.
χ(10K, 0.5T) 1.72× 10−3 [65]
TQ(H = 0) 3.8 K [9]
T0 -70 K
(TM1, HM1) (4 K, 4 T)
(TM2, HM2) (4 K, 20 T)
TQ(Max) 5 T [9]
Hx(Y → uud)(T = 0) 10 T [9]
Table 2.4: The data obtained and estimated from experiments.
a Az B1 B2 B3 B4 B5
4th 0.2 -0.1 0.81 0.66 1.63 -0.5 1.3
6th 0.2 -0.1 -0.55 0.3 3.4 -0.15 -0.54
6th D1 D2 D3 D4 D5 D6 D7
0.62 5.8 0.3 -0.2 0.5 -0.18 2.6
Table 2.5: Values of the parameters in the 6th order Landau free energy Eq. 2.38
comparing with the values in Table 2.3 for the 4th order Landau free energy Eq. 2.15.
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2.4.1 H ‖ x-axis
The Hx-T phase diagram, which mimics relatively well the experimental results (see
Fig. 1.8), is shown in Fig. 2.7. In comparison to the 4th order Landau free energy,
B1 and B5 are negative when using the 6
th order Landau free energy (see Table 2.5).
In order to obtain the multicritical point (TM1, HM1) (see Fig. 1.8), we find that
B1 < 0 lifts the degeneracy between the Y and uud phase at H = 0 as obtained with
the 4th order free energy. Meanwhile, D2 > 0 for S
6 is needed for a stable system
as the value of B1 is negative (see Subsection 2.1.3). Moreover, B5 < 0 accounts for
the increment of TQ at the paramagnetic (P)→uud phase boundary, which is also
observed in the case of CsNiCl3 [83]. While we need m
4S2 with D1 > 0 to determine
the other section of the P→uud phase boundary. Furthermore, the V state and
the multicritical point (TM2, HM2) at high field are other important features which
cannot be obtained using the 4th order Landau free energy. In order to reproduce the
V state, |m · S|2m2 with D3 > 0 is taken into consideration, which competes with
|m · S|2 (B4 < 0) corresponding to S ‖ mx. At high fields, |m · S|2m2 is dominant
and accounts for S ⊥ mx in the V state (see Fig. 2.5). Meanwhile, |m · S|2S2 with
D5 > 0 also corresponds to S ⊥ mx in the V state, which is important at medium
fields. Due to the increment of S with the decrease of temperature (see Figs. 2.9 and
2.10), these two terms expand the range of the V state and reduce the range of the
uud state, starting from the multicritical point (TM2, HM2). At last, |S · S|2S2 with
D4 < 0 and |S · S|2m2 with D6 < 0 are needed for the collinear configuration of spin
polarization in the V state as shown in Fig. 2.5, which compete with |S · S|2 with
B2 > 0 corresponding to the elliptical configuration of spin polarization.
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Figure 2.7: Hx-T phase diagram by the Landau model with 6
th order. The discrete
points denote the numerical results of the Landau free energy Eq. 2.38. The dashed
and solid curves are guides for the eye, which represent the first and second order
phase transitions, respectively.
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Although all phases are successfully reproduced using the 6th order Landau free
energy, this numerical phase diagram shows some features different from that of the
experimental results [9,47,64,65]. The discontinuous variation of the spin polarization
(S) and φ as a function of the magnetic field (Hx) (see the example at T = 0 shown in
Fig. 2.8), obtained by numerical minimization of the free energy using Mathematica,
indicates that the uud→V phase transition is predicted to be first order. Moreover,
the paramagnetic (P)→Y phase transition is also predicted to be first order as shown
by the discontinuous dependence of the spin polarization (S) and the uniform mag-
netization (mx) as a function of temperature (T ) (see the example with Hx = 2 T
shown in Fig. 2.9). Meanwhile, the numerical results demonstrate that the P→uud
phase transition with Hx < 7.2 T (the dashed lines in Fig. 2.7) is also first order (see
Fig. 2.10). Referring to Subsection 2.1.3, it is known that the property of the phase
transitions between the paramagnetic state and the ordered states are accounted for
by the sign of the summation of all S4 power terms in Eq. 2.38 (one 4th order term
and three 6th order terms). Although the two 6th order terms, |m · S|2S2 with D5 > 0
and m2S4 with D7 > 0, determine the positive summation with large value of mx at
Hx > 7.2 T, the 4
th order term, S4 with B1 < 0, is dominant at low fields. As a result,
the P→Y and P→uud (Hx < 7.2 T) phase transitions are first order. Considering
that the transition between the paramagnetic and Umbrella (120◦) states of CsNiCl3
is confirmed to be first order by the observation of a small hysteresis [89], we could also
assume that the P→Y and P→uud (Hx < 7.2 T) phase transitions in Ba3CoSb2O9
are weakly first order, although no experimental evidence is provided until now. Due
to the 1/2 spin of Ba3CoSb2O9, it is possible that strong spin fluctuations, which have
effects on the spin ordering [2,65,67,68] (magnetization plateau) and magnetoelastic
coupling [3], decrease the hysteresis to a size which cannot be observed, even using
the high-resolution ultrasonic measurement [9]. Moreover, the negative biquadratic
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exchange coupling (γ < 0) in the Heisenberg model (see Section 3.1) could correspond
to B1 < 0, accounting for the first order P→Y phase transition. Therefore, further
work using Monte Carlo simulation with the biquadratic exchange coupling (γ < 0)
are needed in order to confirm the properties of these phase transitions.





















Figure 2.8: The numerical results of the spin polarization and φ (inserted figure) as a
function of field with T = 0 using the Landau model with 6th order.
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Figure 2.9: The numerical results of the spin polarization and the uniform magneti-
zation (inserted figure) as a function of temperature with Hx = 2 T using the Landau
model with 6th order.
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Figure 2.10: The numerical results of the spin polarization and the uniform magneti-
zation (inserted figure) as a function of temperature with Hx = 6 T using the Landau
model with 6th order.
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2.4.2 H ‖ z-axis
For H ‖ z-axis, the magnetic phase diagram is shown in Fig. 2.11, which is obtained
by numerical minimization of the free energy using Mathematica. Note that all coeffi-
cients in Eq. 2.38 have been fixed using for the Hx-T phase diagram Fig. 2.7, therefore
calculating the Hz-T phase diagram represents a good test for the significance of the
proposed Landau model. The model does account for the first order phase transi-
tion, U→Vz (see the example at T = 0 shown in Fig. 2.12), and the second order
phase transitions, P→U (Hz > 7.7 T) and P→Vz, consistent with the experimental
results [9, 65]. However, due to the negative summation of the S4 power terms in
Eq. 2.38, the P→U (Hz < 7.7 T) phase transition is of the first order, which is con-
firmed by the discontinuous variation of the spin polarization (S) and the uniform
magnetization (mz) as a function of the temperature (T ) (see the example at Hz = 6
T shown in Fig. 2.13), in contrast to experimental results [9, 65].
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Figure 2.11: Hz-T phase diagram by the Landau model with 6
th order. The discrete
points denote the numerical results of the Landau free energy Eq. 2.38. The dashed






















Figure 2.12: The numerical results of the spin polarization and β (inserted figure) as
a function of field with T = 0 using the Landau model with 6th order.
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Figure 2.13: The numerical results of the spin polarization and the uniform magneti-
zation (inserted figure) as a function of temperature with Hz = 6 T using the Landau
model with 6th order.
Chapter 3
Effects of interlayer exchange
coupling on the layered triangular
lattice antiferromagnets with
bi-quadratic coupling
The two-dimensional (2D) geometrically frustrated triangular lattice antiferromagnets
(TLAFs) are well known to display various exotic magnetic states due to the extensive
degeneracy associated with magnetic frustration on a triangular lattice [4, 14, 19]. In
particular, one of these exotic states, associated with a collinear up-up-down (uud)
state, leads to the observation of a magnetization plateau in many quasi-2D TLAFs
with easy-plane anisotropy at a value of 1/3 of the magnetization saturation (Ms)
[6,9,41–43,45,57,62,65,66,90,91]. This plateau in the magnetization is believed to be
stabilized by thermal/quantum spin fluctuations [2,5,8,92–94]. This conclusion is well
supported by 2D quantum numerical studies [2,8,92–94] and Monte Carlo simulations
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[5, 95] which successfully reproduce the observed phase sequence (120◦ state at zero
field, Y state at low field, uud state at intermediate field, and V state at high field) for
a magnetic field applied in the basal plane. Moreover, taken the hexagonal symmetry
of 2D TLAF into account, the H-T phase diagrams with the ordered states discovered
in experiments are obtained as shown in Chapter 2. However, a new phase between
the uud state and the V state was proposed by D. Yamamoto et al. [11, 74] who
took into consideration the interlayer exchange coupling. This finding could account
for the magnetization anomaly observed near 3/5 Ms in Ba3CoSb2O9 with H ‖ ab-
plane [6, 80], and it indicates the importance of the interlayer interaction, even when
it is weak compared to the intralayer interaction. So far, the effect of the interlayer
interaction in TLAFs has been limited to a few studies [11, 74], hence there is still
a need to explore how the magnetic properties evolve as a function of the interlayer
exchange coupling.
In this chapter, the effect of the antiferromagnetic interlayer interaction on the
ground states of the layered easy-plane TLAFs is explored using a 3D classical Heisen-
berg model with bi-quadratic exchange coupling between nearest-neighbour ions within
the basal plane. The bi-quadratic coupling plays an important role as it mimics the ef-
fect of spin fluctuations [2,79] which are known to stabilize the magnetization plateau
(uud state). On the other hand, the microscopic origin of the biquadratic exchange
coupling term can also be associated with the spin-lattice coupling (magnetoelastic
coupling) [69–73]. The effects due to the magnetoelastic coupling is studied in Chapter
6 and Chapter 7.
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3.1 Model: Two-layer triangular lattice
Considering that thermal fluctuations generally favor collinear states [5, 75], it has
been proposed and shown that quantum fluctuations can be the mechanism lifting
the classical degeneracy in favor of the uud state at T = 0 K [74,75,77]. This is also
supported by real-space perturbation theory [2,79] which shows that the effects of spin
fluctuations in TLAFs can be taken into account by considering a classical model
with a biquadratic exchange coupling term between nearest neighboring magnetic
ions. The bi-quadratic coupling plays an important role as it mimics the effect of
spin fluctuations [2, 96] which are known to stabilize the magnetization plateau (uud
state). Considering first only one layer (see Fig. 3.1), the isotropic Hamiltonian of
2D Heisenberg model of the equilateral triangular lattice, with biquadratic exchange




Si · Sj + γ
∑
i 6=j







where the first term corresponds to the exchange coupling energy (J), the second term
is the biquadratic exchange coupling energy (γ), the third term is Zeeman energy. Here
the biquadratic coupling γ must be negative in order to account for the collinear spin
configuration (uud state) [2].
The two-layer equilateral triangular lattice system is shown in Fig. 3.1, where each
magnetic layer is comprised of three sublattices with spins at triangle vertices. As
demonstrated previously [76, 97], note that six spins are sufficient to capture ground
state spin configurations in the present model with NN exchange only. In the present
model, Eq. 3.2 represents the energy per plane where only the intralayer exchange cou-








Figure 3.1: Two-layer triangular lattice with intralayer interaction J and interlayer
interaction Jc. Reprinted with permission from [M Li, M L Plumer, and G Quirion,
Journal of Physics: Condensed Matter, 32(13):135803, 2020]. Copyright (2020) by
Institute of Physics.




Siα · Sjα + γ
∑
i 6=j












where Eα denotes the energy of layer α (stacked along the c-axis), i denotes one of
the three magnetic ions at a triangle vertex. Here the single ion anisotropy energy
(D) is also included in order to explore the magnetization of real systems for the
magnetic field applied in and perpendicular to the basal plane. Furthermore, taking
into consideration the interlayer nearest neighbouring exchange coupling (Jc), two
layers are sufficient in order to obtain the ground states of 3D materials [11]. Thus,











Siα · Siβ, (3.3)
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where the second term is the sum over the interlayer nearest neighbouring spins. We
omit the interlayer bi-quadratic coupling, since it is expected to be much smaller than
the in-plane bi-quadratic coupling γ. Moreover, the interlayer bi-quadratic coupling
is not expected to significantly affect the results due to the absence of frustration









with the spins written as 3D vectors described by the angles φiα and θiα:
Siα = (cosφiα sin θiα, sinφiα sin θiα, cos θiα) . (3.5)
In this work, the coefficient of the antiferromagnetic intralayer exchange coupling
is set to J = 1, while the effect of the antiferromagnetic interlayer coupling (0 < Jc <
0.24) is explored. γ is set to -0.05 in order to stabilize uud state [2] and obtain a
magnetization plateau width consistent with some experimental results [6, 9]. Since
the single ion anisotropy and the exchange anisotropy have the same effect in the case
of easy-plane anisotropy with the field in the plane [96], we set D = 0.05 close to the
experimental value of the exchange anisotropy as determined for Ba3CoSb2O9 [6].
3.2 Results without interlayer interaction
In this chapter, the magnetization and the spin configurations are first explored for
different parameter and field values minimizing the Hamiltonian (Eq. 3.3) relative
to φiα and θiα using Nelder-Mead method [99]. Without the interlayer interaction,
the model describes a 2D TLAF. With the easy-plane anisotropy (D = 0.05), the
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magnetization processes and spin configurations for the magnetic field applied parallel
and perpendicular to the basal plane have been obtained as follows.
3.2.1 H ‖ ab-plane: Jc = 0
The magnetization as a function of Hx which exhibits a magnetization plateau at 1/3
magnetization saturation is shown in Fig. 3.2. The width of the magnetization plateau
is consistent with experimental results [6,65]. With an increasing magnetic field H ‖ x-
axis, the field dependence of the angles φi and the spin configurations are shown in
Fig. 3.3 and Fig. 3.4, respectively. For H = 0, the ground state corresponds to the 120◦
spin structure. At low field, a so-called Y state corresponds to a configuration where
two moments are at some angle relative to the field while the other is opposed to the
field direction. At intermediate field values, the magnetization plateau is associated
with the up-up-down (uud) state where two spins are parallel to magnetic field while
the third one is antiparallel. Finally, at high field values, the V state has two parallel
spins with an angle less than 180◦ with respect to the third spin. The results presented
in Fig. 3.2 and Fig. 3.4, obtained using the classical 2D effective Hamiltonian (Eq. 3.2)
are in good agreement with previous results based on 2D Monte Carlo simulations [5]
and 2D quantum models [2, 8, 11,74,92–94].
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Figure 3.2: Magnetization process of the single-layer TLAF with γ = −0.05, D = 0.05,
and H ‖ x-axis. Reprinted with permission from [M Li, M L Plumer, and G Quirion,
Journal of Physics: Condensed Matter, 32(13):135803, 2020]. Copyright (2020) by
Institute of Physics.
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Figure 3.3: The field dependence of the angles φi for the single layer TLAFs with
γ = 0.05, D = 0.05, and H ‖ x-axis. The angles θi = 90◦ due to the easy-plane
anisotropy. Reprinted with permission from [M Li, M L Plumer, and G Quirion,




Y state uud state V state Saturation120º state
Hx Hx Hx
Figure 3.4: Spin configurations of a 2D TLAF with easy-plane anisotropy and H ‖ a-
axis in different phases. Arrows represent spins of the ions on the sublattice vertices.
Also see Ref. [11]. Reprinted with permission from [M Li, M L Plumer, and G Quirion,
Journal of Physics: Condensed Matter, 32(13):135803, 2020]. Copyright (2020) by
Institute of Physics.
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3.2.2 H ‖ c-axis: Jc = 0
With H ‖ z ‖ ĉ, the magnetization curve mz obtained from the one-layer model
(Jc = 0) is shown in Fig. 3.5, while the different spin congurations are presented in
Fig. 3.6. The Umbrella state (U state) and Vz state, associated with the observation
of a first order phase transition in experiments [6,9,65], are stabilized at low fields and
high fields, respectively. In the U state, the spins adopt a 120◦ configuration in the
ab plane with a uniform component along the z-axis (the field direction in this case).
Vz state is observed with all spins lying in a plane including the z-axis. Furthermore,
the Vz state is also characterized by a small none-zero magnetization perpendicular
to the z-axis (shown in the inset of Fig. 3.5).
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Figure 3.5: Magnetization process of the single-layer TLAF with γ = −0.05, D =
0.05, and H ‖ z-axis. The inset shows the xy component of the magnetization.
Reprinted with permission from [M Li, M L Plumer, and G Quirion, Journal of






Figure 3.6: Spin configurations of a 2D TLAF with easy-plane anisotropy and H ‖ z-
axis in different phases. Arrows represent spins of the ions on the sublattice vertices.
Reprinted with permission from [M Li, M L Plumer, and G Quirion, Journal of
Physics: Condensed Matter, 32(13):135803, 2020]. Copyright (2020) by Institute
of Physics.
The results are consistent with the experimental results [6, 9, 65] and previous
theoretical 2D results [2,5,8,11,74,92–94]. Considering that the effective Hamiltonian
(Eq. 3.2) adequately describes the magnetic properties of 2D TLAF, it can be easily
modified (Eq. 3.3) in order to explore the properties of 3D TLAF with easy-plane
anisotropy, which we present in the following section.
3.3 H ‖ ab-plane: two planes
In this section, the effects of Jc with different values in the range 0 < Jc ≤ 0.21 are
explored with H ‖ ab-plane and fixed values of γ (-0.05) and D (0.05), the same as
for the previous 2D model (Sec. 3.2). Different magnetization processes, obtained in
specific ranges, are shown in the following subsections.
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3.3.1 0 < Jc < 0.1
In this range, compared with the 2D model magnetization (Fig. 3.2), one additional C
(canted) phase is obtained between the plateau and the V phase as shown in Fig. 3.7(a)
(black curve) with the first derivative of the magnetization (red curve) assisting to
identify phase transitions. This result is consistent with results of the quantum model
published in Ref. [11] using a numerical cluster mean-field method with a scaling
scheme. The spin configurations for the quasi-2D Y state, uud state, C state and V
state are sketched in Fig. 3.8. In each layer of the C phase, two spins have a small angle
with respect to each other, with the third one on the other side of Hx in xy-plane.
Furthermore, as shown in Fig. 3.7(b), the Y and V phases have a small none-zero y-
component (perpendicular to the x-axis) of the magnetization which alternates from
one plane to the next. This figure (see the divergence of the red curve in Fig. 3.7(a))
also clearly illustrates the first order character of the phase transition between the
C and V states. Consequently, we conclude that interlayer interaction, even weak
compared with the intralayer exchange interaction, stabilizes a new state and modifies
the spin configurations relative to the 2D system.
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Figure 3.7: (a) The black curve represents the magnetization process of the two-layer
TLAF with γ = −0.05, D = 0.05, Jc = 0.03, and H ‖ x-axis. The first derivative of
the magnetization (red curve) assists to identify phase transitions. (b) The dashed
red and blue lines represent the y-component of the magnetization in each layer,
respectively. Reprinted with permission from [M Li, M L Plumer, and G Quirion,


























Figure 3.8: Spin configurations of TLAFs with interlayer interaction and H ‖ x-axis
in Y, uud, C and V states. Black solid arrows (A, B, C) and red dotted arrows (A′,
B′, C′) represent spins at the sublattice vertices in different layers, respectively. (See
Fig. 3.1) Reprinted with permission from [M Li, M L Plumer, and G Quirion, Journal
of Physics: Condensed Matter, 32(13):135803, 2020]. Copyright (2020) by Institute
of Physics.
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3.3.2 0.10 < Jc < 0.14
For Jc larger than 0.10, as shown in Fig. 3.9(a), the magnetization plateau disappears.
Therefore, in the range 0.10 < Jc < 0.14, the system transforms directly from the Y
state to the C state via a first-order transition indicated by a jump on the magneti-
zation and the divergence of the first derivative of the magnetization in Fig. 3.9(a).

















































Figure 3.9: (a) The black curve represents the magnetization process of the two-layer
TLAF with γ = −0.05, D = 0.05, Jc = 0.11, and H ‖ x-axis. The first derivative of
the magnetization (red curve) assists to identify phase transitions. (b) The dashed
red and blue lines represent the y-component of the magnetization in each layer,
respectively.
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3.3.3 0.14 < Jc < 0.16
In this range of Jc, two new states, W state and V
′, are obtained whose spin con-
figurations are presented in Fig. 3.10, while the magnetization processes are different
in the ranges 0.1400 < Jc < 0.1445, 0.1445 < Jc < 0.1460, 0.146 < Jc < 0.156 and
0.156 < Jc < 0.160. In the W state, each layer develops a small z-component of the
magnetization which alternates from one layer to the next, while the configuration
in the xy-plane forms a W shape and a Y shape in different layers, respectively. In
the V′ state, while the spin configuration in the xy-plane is identical to that of the
the V phase, two spins in each layer have a small z-component in opposite directions,


























Figure 3.10: Spin configurations of TLAFs with interlayer interaction and H ‖ x-axis
in W and V′ states. Black solid arrows (A, B, C) and red dotted arrows (A′, B′,
C′) represent spins at the sublattice vertices in different layers, respectively. (See
Fig. 3.1) Reprinted with permission from [M Li, M L Plumer, and G Quirion, Journal
of Physics: Condensed Matter, 32(13):135803, 2020]. Copyright (2020) by Institute
of Physics.
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For 0.1400 < Jc < 0.1445, as shown in Fig. 3.11(a), only the V
′ state appears
between the C state and the V state with opposite nonzero y-component of magne-
tization in each plane (see Fig. 3.11(b)). Considering the spin configurations of V
and V′ states with the magnetization process shown in Fig. 3.11, it indicates that the
phase transition between V and V′ states is of the second order.





















































Figure 3.11: (a) The black curve represents the magnetization process of the two-layer
TLAF with γ = −0.05, D = 0.05, Jc = 0.144, and H ‖ x-axis. The first derivative
of the magnetization (red curve) assists to identify phase transitions. (b) The dashed
red and blue lines represent the y-component of the magnetization in each layer,
respectively.
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In the small range 0.1445 < Jc < 0.1460, the W state exist between C and V
′
state (see Fig. 3.12(a)). Fig. 3.12(b) presents that the W state have no y-component
of magnetization, while Fig. 3.12(c) shows the opposite nonzero z-component of mag-
netization of the W state in each layer.
































































Figure 3.12: (a) The black curve represents the magnetization process of the two-layer
TLAF with γ = −0.05, D = 0.05, Jc = 0.145, and H ‖ x-axis. The first derivative
of the magnetization (red curve) assists to identify phase transitions. (b) The dashed
red and blue lines represent the y-component of the magnetization in each layer,
respectively.
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For 0.146 < Jc < 0.156, the C state disappears while W and V
′ states exist between
Y and V states as shown in Fig. 3.13. Considering the jump of the magnetization and
the divergence of the first derivative of the magnetization between Y and W states,
it indicates the system transforms from the Y state to the W state via a first-order
transition.












































































Figure 3.13: (a) The black curve represents the magnetization process of the two-layer
TLAF with γ = −0.05, D = 0.05, Jc = 0.15, and H ‖ x-axis. The first derivative of
the magnetization (red curve) assists to identify phase transitions. (b) The dashed
red and blue lines represent the y-component of the magnetization in each layer,
respectively.
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In the range 0.156 < Jc < 0.160, only the y and z components of magnetizations
for the two layers can distinguish W and V′ states as shown in Fig. 3.14(b) and
(c) that the W state exist between two V′ states. Although the first derivative of
magnetization cannot identify the phase transitions between W and V′ states (see
Fig. 3.14(a)), it points out that the phase transition between Y and V′ states is of the
first order by the divergence.
































































Figure 3.14: (a) The black curve represents the magnetization process of the two-layer
TLAF with γ = −0.05, D = 0.05, Jc = 0.159, and H ‖ x-axis. The first derivative
of the magnetization (red curve) assists to identify phase transitions. (b) The dashed
red and blue lines represent the y-component of the magnetization in each layer,
respectively. Reprinted with permission from [M Li, M L Plumer, and G Quirion,
Journal of Physics: Condensed Matter, 32(13):135803, 2020]. Copyright (2020) by
Institute of Physics.
65
3.3.4 0.16 < Jc < 0.21
For Jc > 0.16, only the V
′ state exists between the Y and V states as shown in
Fig. 3.15.

















































Figure 3.15: (a) The black curve represents the magnetization process of the two-layer
TLAF with γ = −0.05, D = 0.05, Jc = 0.19, and H ‖ x-axis. The first derivative of
the magnetization (red curve) assists to identify phase transitions. (b) The dashed
red and blue lines represent the y-component of the magnetization in each layer,
respectively.
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3.3.5 Analysis for W and V′ states
To explain the appearance of a spin polarization normal to the ab-plane in the W
and V′ states, we compare the energy of the anisotropic term (Ea) and the interlayer

















Ec =Jc(SAzSA′z + SBzSB′z + SCzSC′z)
(3.6)
When Jc is zero or very small, the energy is minimized by having no z component
(D > 0, easy-plane). However, when Jc is large enough (∼0.14), the lowest energy can
be reduced by having anti-parallel z component nearest neighbour interlayer spins as
observed in the W and V′ states.
3.3.6 Summary
We present in Fig. 3.16 the Hx-Jc phase diagram for the two-layer TLAFs. The
dashed and solid lines indicate first and second order phase transitions, respectively.
As shown, the range of the magnetization plateau (uud state) decreases with increasing
interlayer interaction and vanishes at Jc = 0.1. The C state is only obtained with a
weak interlayer interaction and disappears at Jc = 0.146. When 0.14 < Jc < 0.16,
the W and V′ states, which have a spin z component, are stabilized. Especially in
the small range 0.1445 < Jc < 0.1460, the system presents the most complicated
magnetization process with all new states, C, W and V′ states, which do not exist
in 2D model. For Jc > 0.16, only the V
′ state exists between the Y and V states.
Therefore, we can conclude that the interlayer interaction plays an important role in
the magnetization process of easy-plane TLAFs.
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Figure 3.16: Left: Hx-Jc diagram of two-layer TLAFs with γ = −0.05, D = 0.05.
Phases are described in Fig. 3.8 and Fig. 3.10. Right: The enlarged region indicated by
the dotted rectangle in the left diagram. The dashed and solid lines indicate first and
second order phase transitions, respectively. Reprinted with permission from [M Li,
M L Plumer, and G Quirion, Journal of Physics: Condensed Matter, 32(13):135803,
2020]. Copyright (2020) by Institute of Physics.
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3.4 H ‖ c-plane: two planes
In this section, the effects of Jc with different values in the range 0 < Jc ≤ 0.24 are
explored with H ‖ c ‖ z-axis and fixed values of γ (-0.05) and D (0.05), the same as
for the previous 2D model (Sec. 3.2). Different magnetization processes, obtained in
specific ranges, are shown in the following subsections.
3.4.1 0 < Jc < 0.06
For a weak interlayer interaction (0 < Jc < 0.06), one extra Cz (canted) state, in com-
parison with the 2D model magnetization (Fig. 3.5), is obtained between the U state
and the Vz state (see Fig. 3.17). The jumps in the magnetization (black curve) and
the divergences of the first derivative of magnetization (red curve) indicate that the
phase transitions U→Cz and Cz →Vz are of the first order. The spin configurations
for the quasi-2D U state, Vz state and Cz state are sketched in Fig. 3.18. In each layer
of the Cz phase, two spins have a small angle with respect to each other, with the
third one is pointing in the opposite direction in a plane including the z-axis. Different
from the 2D model, the two-layer Vz state has no net xy-component magnetization
perpendicular to the z-axis, while the Cz state has a small transverse magnetization
as shown in Fig. 3.17(b).
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Figure 3.17: (a) The black curve represents the magnetization process of the two-layer
TLAF with γ = −0.05, D = 0.05, Jc = 0.03, and H ‖ z-axis. The first derivative
of the magnetization (red curve) assists to identify phase transitions. (b) The blue





















Figure 3.18: Spin configurations of TLAFs with the interlayer interaction and H ‖ z-
axis in different phases. Black solid arrows (A, B, C) and red dotted arrows (A′, B′,
C′) represent spins at the sublattice vertices in different layers, respectively. Reprinted
with permission from [M Li, M L Plumer, and G Quirion, Journal of Physics: Con-
densed Matter, 32(13):135803, 2020]. Copyright (2020) by Institute of Physics.
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3.4.2 0.06 < Jc < 0.20
In this range, Cz states disappears while the system transforms from the U state to
the Vz state via a first-order transition indicated by the jump on the magnetization
(black curve) and the divergence of a first derivative of the magnetization (red curve)
in Fig. 3.19.



















Figure 3.19: The black curve represents the magnetization process of the two-layer
TLAF with γ = −0.05, D = 0.05, Jc = 0.09, and H ‖ z-axis. The first derivative of
the magnetization (red curve) assists to identify phase transitions.
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3.4.3 0.20 < Jc < 0.24
For Jc > 0.20, only the U state exists before the magnetization saturation as shown
in Fig. 3.20.



















Figure 3.20: The black curve represents the magnetization process of the two-layer
TLAF with γ = −0.05, D = 0.05, Jc = 0.22, and H ‖ z-axis. The first derivative of
the magnetization (red curve) assists to identify phase transitions.
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3.4.4 Summary
The resulting Hz-Jc phase diagram for the two-layer TLAFs is presented in Fig. 3.21
with dashed and solid lines representing first and second order phase transitions, re-
spectively. With weak interlayer interaction (0 < Jc < 0.06), the Cz state is predicted
and its field stability range decreases as a function of Jc. The range of the Vz state in-
creases in 0 < Jc < 0.06, then decreases in the interval 0.06 < Jc < 0.20. In contrast,
the U state keeps increasing with the increment of Jc. In conclusion, the results for
H ‖ z-axis provides another evidence for the importance of the interlayer interaction
of the TLAFs.
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Figure 3.21: Hz-Jc diagram of two-layer TLAFs with γ = −0.05, D = 0.05. Phases are
described in Fig. 3.18. The dashed and solid lines indicate first and second order phase
transitions, respectively. Reprinted with permission from [M Li, M L Plumer, and
G Quirion, Journal of Physics: Condensed Matter, 32(13):135803, 2020]. Copyright
(2020) by Institute of Physics.
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3.5 Summary and Discussion
The ground state magnetization processes of TLAFs are calculated for both H in the
ab-plane and H ‖ c-axis using a two-layer classical Heisenberg model with the single
ion anisotropy (D) and the bi-quadratic exchange coupling (γ). To study realistic
3D TLAFs, we explored the effect of the antiferromagnetic interlayer interaction (Jc).
Results with H ‖ ab-plane and H ‖ c-axis shows that the interlayer interaction plays
a role for stabilizing the additional state (C state), consistent with Ref. [11]. This
additional state could account for the magnetization anomaly observed near 3/5 Ms
in Ba3CoSb2O9 with H in the ab-plane [6]. Other new states, not previously reported,
are also observed with higher values of the interlayer interaction. The range of field,
over which all states are stabilized, depends on the value of Jc. Moreover, the spin
configurations of the W and V′ states show the appearance of small z components
associated with the interlayer interaction competing with the single ion anisotropy.
Due to this competition, the system exhibits complex magnetization processes, espe-
cially when 0.144 < Jc < 0.146 (see Fig. 3.16). It should be noticed that the values
of Jc for the W and V
′s states are large compared with the small Jc value which ac-
counts for the magnetization plateau, but still about one order of magnitude smaller
than the intralayer interaction J . Therefore, this model can still be considered to be
quasi-2D, with the interlayer exchange coupling playing an important role. Further-
more, all ground states of the two layer model have the same ordering wave vector
Q = (1/3, 1/3, 1/2). Future work using Monte Carlo simulation to explore the H-T
phase diagram, such as that on pyrochlore [72], would be of interest. We believe that a
detailed analysis of relevant experimental results on existing and yet to be discovered
TLAFs may benefit from the results present here.
Chapter 4
Ultrasonic velocity measurements
4.1 Sound velocity measurements
The measurement of the relative ultrasound velocity variation ∆v/v is a high-precision
method to detect the critical behaviour close to a phase transition. This technique
can also be used to determine the magnetoelastic coupling accurately, since strains
and magnetic degrees of freedom couple with each other [9]. Therefore, in this work,
we developed an experimental approach using the ultrasonic velocity measurements,
which does not rely on traditional magnetostriction measurements [100], to study the
contribution of the magnetoelastic coupling for lifting the classical degeneracy and
stabilizing the magnetization plateau in TLAF.
The transducer, bonded on the Ba3CoSb2O9 sample by a glue (white silicone), is
a piezoelectric crystal coated with gold electrodes (see Fig. 4.1). The piezoelectric
crystal can generate an ultrasonic pulse into the sample converting the ac electric
signal at a frequency f , applied to the transducer electrodes, into mechanical vibration









Figure 4.1: The transducer is bonded on the Ba3CoSb2O9 sample by a glue.
piezoelectric effect, the piezoelectric crystal can also convert the mechanical vibration
into an electrical signal. Therefore, the transducer can serve as both a sound wave
generator and a detector. There are two modes of measurements shown in Fig. 4.2.
On the left, the reflection mode has one transducer fixed to a surface of the crystal
to generate and detect the acoustic wave reflected from the other parallel surface.
The initial ultrasound waves travel back and forth between the parallel surfaces of
the sample due to the reflection at the surfaces. Small portion of the mechanical
wave is converted into an electrical signal. If the acoustic attenuation, which causes
the reduction of the amplitude of the echoes (see Fig. 4.3), is not too large, multiple
echoes can be detected. In this case, the sound velocity is determined using v = 2L/t,
where L is the length of the sample and t is the time of flight for the acoustic wave
which travels a distance 2L. In the transmission configuration (right of Fig. 4.2), two
transducers fixed on the parallel surfaces of the sample are used. One transducer (the
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2L, L being the sample length. In the transmission configuration, two transducers glued to
parallel surfaces of the sample serve as the acoustic generator and the detector, respectively.
The sound velocity can be obtained using v = L
t
when the first echo is measured.
Figure 2.1: Sound velocity measurements in Left: Reflection configuration and Right:
Transmission configuration
2.1.1 Acoustic Interferometer
In order to obtain a higher resolution, an acoustic interferometer, shown in Fig.2.2, is used.
This method measures the relative change in velocity, ∆v
v
, instead of the absolute velocity
v. The main principle of this approach is to detect the phase difference between a reference
signal and an echo using a phase detector, which is done as follows. The power splitter
divides the signal generated by the radio frequency synthesizer into two parts. The first part
is used as the reference signal. The other part is cut into short pulses of one µs at a repetition
rate of 1000 pulse per second by the first gate. The signal amplified by a broadband amplifier
reaches the transducer via the circulator which prevents the reflected signal from going back
to the RF synthesizer. The acoustic wave produced by the transducer travels in the sample
and gets reflected from the parallel surface. The reflected wave (echo) is converted into an
9
Figure 4.2: Sound velocity measurements: reflection configuration (left) and trans-
mission configuration (right).
top one) generates the acoustic wave which is detected by the other transducer (on
the bottom). In the experiment shown in Chapter 5, we use transmission mode in
which the sound velocity is determined using v = L/t.
Initial pulse First echo Second echo
1μs Δt = time of flight
Figure 4.3: Consecutive echoes detected by the receiver in an ultrasonic measurement.
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4.2 Acoustic interferometer
The radio frequency (RF) signal, generated by a RF synthesizer, is split into two
signals by a power splitter (see Fig. 4.4). The first signal is used as the reference
signal, while the other half of the signal is reshaped to form a 1 µs RF pulse signal by
the Gate 1. After amplification by a 1 Watt broadband power amplifier, the signal
reaches one transducer via the variable attenuator which sets the power of the signal.
The transducer, mounted on one surface of the sample, converts the RF pulse signal
into an acoustic wave which propagates to the other surface. The acoustic signal is
then converted back into a RF signal by the other transducer. This RF signal is
amplified by a low noise RF amplifier, after going through Gate 2 which prevents the
saturation of the low noise RF amplifier. Finally, the phase detector compares the
phase of the reference signal and the converted RF signal, producing an output signal
proportional to the phase difference between both inputs. During the experiment,
the phase difference is maintained to zero by changing the synthesizer frequency, and
observed on the oscilloscope as shown in Fig. 4.4.
The phase difference can be expressed in terms of the time of flight t = L/v and




















As the phase variation ∆Φ is maintained to zero by changing the working frequency,
neglecting the thermal expansion of the sample, ∆L/L, as a function of temperature
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or magnetic field, the acoustic interferometer can determine the relative ultrasound

































Figure 4.4: Brief block diagram of the acoustic interferometer.
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4.3 Cryogenic system
In order to explore the ordered states of Ba3CoSb2O9, a helium bath cryostat equipped
with superconducting magnets was used for the ultrasonic measurements (see Fig. 4.5).
Using this cryogenic system, the temperature can be as low as 2 K with a maximum
magnetic field of 18 T.
Liquid helium is transferred into the reservoir after pumping out the air in the
sample chamber. The outer chamber is also evacuated in order to reduce the heat
transfer from the outside wall of the cryostat. The liquid helium cools down the lower
part of the helium reservoir to 4.2 K. Meanwhile, the evaporated helium gas cools the
radiation baffles at the higher part of the chamber, and reduces the heat flow due to
room temperature radiation. In order to cool down to 4.2 K, the capillary opening
(via a needle valve) is adjusted to let the helium flow into the sample chamber in
which the Ba3CoSb2O9 crystal is mounted. Moreover, a temperature of 2 K around
the Ba3CoSb2O9 sample can be achieved by decreasing the pressure of the sample
chamber using a mechanical pump connected to the sample chamber evacuation valve.
Furthermore, the temperature of the sample is controlled by adjusting the input power
of the heater fixed on the sample holder, and monitored by a low temperature sensor.
Both the heater and the sensor are connected to a temperature controller used for
setting the rate of changing temperature of the sample or stabilizing the temperature
to a specific value.
The superconducting magnet in the cryogenic system is a solenoid as shown in
Fig. 4.5. This magnet can normally produce a variable magnetic field up to 16 T
at 4.2 K and be enhanced up to 18 T at 2.2 K. In order to obtain 2.2 K around
the magnet, a lambda refrigerator [101] consisting of a lambda plate, a liquid helium
valve and a chamber with a pumping line is applied. Liquid helium continuously flows
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via the valve into the chamber which is pumped to a low pressure. Therefore, the
colder and denser helium below the lambda plate sinks to the bottom of the chamber,
and induces convection currents. This convection of the liquid helium maintains the






Insert liquid helium 
flow valve (capillary)


















Convection of liquid 
helium (below 4.2 K)
Liquid helium at 
or near 2.2 K
Figure 4.5: Liquid helium cryogenic system with superconducting magnets.
Chapter 5
Experimental setup and results
5.1 Bi-quadratic coupling derived from magnetoe-
lastic coupling
The microscopic origin of the biquadratic exchange coupling term used in Section 3.1
can also be associated with the spin-lattice coupling (magnetoelastic coupling) [70–
73], in addition to quantum and thermal fluctuations. As shown in Fig. 5.1, a
lattice distortion eij can be induced by the interaction of magnetic ions leading to a
magnetoelastic coupling. As a result, the energy including the magnetoelastic coupling
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whereK is the spin-strain coupling constant, and C is the elastic constant. Minimizing




Si · Sj. (5.2)
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Eq. 5.3 is identical to what is used in Chapter 3 for numerical calculation. As the
elastic constant C is always positive, γ is negative. Meanwhile, considering (Si ·
Sj)
2 > 0, the Hamiltonian has minimum value with the collinear configuration of spins.
Therefore, the magnetoelastic coupling can account for stabilizing the magnetization
plateau.
This scenario is especially pertinent in the case of Ba3CoSb2O9, since large sound
velocity variations (∆v/v ' 7%) are observed as a function of the magnetic field,
reflecting strong magnetoelastic coupling [9]. In this section, we therefore study the
relevance of the magnetoelastic coupling relative to quantum fluctuations in stabi-
lizing the magnetization plateau in this archetype spin-1/2 quantum TLAF mate-
rial [6, 46, 64, 78]. Our goal is achieved using an experimental approach based on
ultrasound velocity measurements [102]. It consists in measuring the relative velocity
variation of an acoustic mode at constant temperatures and fields as the in-plane field
direction is changed relative to the a-axis. The measured field angular dependence,






R (1+eCA) R (1+eBC)
Figure 5.1: Sketch showing the lattice distortion eij induced by the exchange interac-
tion between nearest magnetic ions on a triangular lattice.
order to determine the magnetoelastic coupling constants which account for the lat-
tice distortions. Moreover, using this experimental measurement, we also measured
the sample close to the phase boundary between uud and paramagnetic states (see
Fig. 1.8) and at relative high temperature (20 K) to explore the effect of thermal and
quantum fluctuations.
5.2 Field angular (φ) measurements of the sound
velocity
Fig. 5.2 illustrates the geometry used for the field angular (φ) measurements of sound
velocity obtained at constant temperatures and magnetic field. For this investiga-
tion, the velocity measurements were carried out using longitudinal acoustic modes
generated and detected with two 30 MHz LiNbO3 transducers mounted on opposite
polished faces (transmission configuration). Thus longitudinal modes, propagating
86
along the a-axis of a single crystal with a length of 2.57 mm, were used to determine
the ultrasound velocity vL[100]. The relative velocity variation ∆v(φ)/v, measured
at constant temperatures and magnetic fields using a pulsed acoustic interferome-
ter operating around 100 MHz for higher resolution [83], was then recorded as the
Ba3CoSb2O9 crystal was rotated about the crystal c-axis by an angle φ (changing the
field direction in the basal plane). Here, φ = 0◦ corresponds to the magnetic field






Figure 5.2: Geometry used for the sound velocity measurements as the crystal is
rotated about the c-axis by the angle φ in the presence of a magnetic field applied in
the crystal basal plane.
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5.3 Experimental results
5.3.1 Experimental results at T = 2.5 K and T = 10 K
In Fig. 5.3, we present the field angular (φ) dependence of the relative variation of
sound velocity (∆vL[100]/v) measured at different field values: in the paramagnetic
state at T = 10 K and in the ordered states at T = 2.5 K. These experimental results
and analysis have been published in Ref. [3]. In the paramagnetic state, a well defined
angular period of 180◦ is observed with a maximum at φ ∼ 0 (corresponding to H ‖ a-
axis) and a minimum close to φ = 90◦. In the Y state, additional extrema emerge
around φ = 40◦ and 130◦ while the local minimum observed at 90◦ suddenly changes
into a local maximum as we enter the uud state. Finally, although the amplitude of
the relative variations generally increases as a function of the field, it suddenly drops
by an order of magnitude in the V state (Hxy = 16.5 T). While the evolution of the
angular dependence shown in Fig. 5.3 is surprisingly complex, we present in Chapter 7
a magnetoelastic model to analyze these experimental observations.
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T = 2.5 K V state
Figure 5.3: Field angular (φ) dependence of vL[100]/v for different magnetic field
strengths in the basal plane of Ba3CoSb2O9, with 0
◦ corresponding to H ‖ a-axis;
(a) T = 10 K is chosen for paramagnetic state; (b), (c), (d) show results obtained at
T = 2.5 K in the ordered states (Y, uud, V), respectively. Reprinted with permission
from [M. Li, A. Zelenskiy, J. A. Quilliam, Z. L. Dun, H. D. Zhou, M. L. Plumer, and
G. Quirion, Phys. Rev. B, 99:094408, 2019]. Copyright (2019) by American Physical
Society.
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5.3.2 Exploring the effect of thermal and quantum fluctua-
tions
As quantum and thermal fluctuations are considered to be the mechanism lifting
the classical degeneracy in favor of the uud state in quasi-2D TLAFs with easy-
plane anisotropy [2, 5, 11, 75, 77], we explore the effect of spin fluctuations on the
magnetoelastic coupling by measuring the sample at the temperatures as follows.
According to the H-T phase diagram of Ba3CoSb2O9 (see Fig. 1.8), T = 5.5 K and
4.4 K are chosen for exploring the system close to the phase boundary between the
uud and the paramagnetic states. In order to compare the results of the ordered states
obtained at T = 2.5 K, the sample was also measured at T = 3 K. Furthermore, we
measured the system at a relative high temperature T = 20 K.
First we show in Fig. 5.4 the experimental results in the paramagnetic state at
T = 5.5 K. At low fields (H < 8 T), the curves are similar to the results obtained
at 10 K shown in Fig. 5.3(a). As the field increases, we approach the uud phase
boundary, and a local maximum, which is presented in uud state (see Fig. 5.3(c)),
shows up when H > 9 T at φ ' 90◦. Moreover, at T = 4.4 K, when the system is in
the paramagnetic state with H ≤ 7 T, the curves, similar to the results obtained at
10 K shown in Fig. 5.3(a), are presented in Fig. 5.5(a). Meanwhile, since the system is
in the uud state with higher fields (8 T ≤ H ≤ 16 T), the curves shown in Fig. 5.5(b)
are similar to the curves in Fig. 5.3(c). Furthermore, we present the experimental
results of Y and uud states at T = 3 K in Fig. 5.6(a) and Fig. 5.6(b), respectively.
The local maximums and local minimums of the curves in Fig. 5.6 are consistent with
the results of the Y and uud states shown in Fig. 5.3(b) and (c). Finally, the curves
with 180◦ period obtained in the paramagnetic state at T = 20 K (see Fig. 5.7) are
comparable with the results in Fig. 5.3(a).
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T = 5.5 K Paramagnetic state
Figure 5.4: Field angular (φ) dependence of vL[100]/v for different magnetic field
strengths in the basal plane of Ba3CoSb2O9, with 0
◦ corresponding to H ‖ a-axis
in paramagnetic state at T = 5.5 K; (a), (b) show the curves obtained relatively far
from and close to the phase boundary between uud and paramagnetic states, respec-
tively.
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T = 4.4 K
Figure 5.5: Field angular (φ) dependence of vL[100]/v for different magnetic field
strengths in the basal plane of Ba3CoSb2O9, with 0
◦ corresponding to H ‖ a-axis
at 4.4 K; (a), (b) show the curves obtained in paramagnetic and uud states, respec-
tively.
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T = 3 K
Figure 5.6: Field angular (φ) dependence of vL[100]/v for different magnetic field
strengths in the basal plane of Ba3CoSb2O9, with 0
◦ corresponding to H ‖ a-axis
at T = 3 K; (a), (b) show the curves obtained in Y and uud states, respectively.
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 H=6T       H=12T
 H=7T       H=13T
 H=8T       H=14T
 H=9T       H=15T
 H=10T     H=16T
T = 20 K
Figure 5.7: Field angular (φ) dependence of vL[100]/v for different magnetic field
strengths in the basal plane of Ba3CoSb2O9, with 0
◦ corresponding to H ‖ a-axis;




6.1 Total free energy
In order to analyze the experimental data in Section 5.3, a nonlocal Landau free
energy approach [82, 83] with magnetoelastic couplings is used. This approach is
useful as it links the sound velocity directly to the sample magnetization and the
antiferromagnetic spin modulations, which are known in general. In that context, the
total free energy is written as
F = Fs + Fel + Fse, (6.1)
where Fs and Fel are the energy associated with the local spin density s(ri) and the
elastic energy, while Fse represents the linear-quadratic coupling energy (lowest-order
coupling invariants) between the strain components eα (Voigt notation) and sα(ri).
Higher-order terms at sixth order that would involve in-plane triangular anisotropy
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are omitted from the present analysis as they appear to be unnecessary to explain
the main features of the experimental results. Due to the quasi-2D character of
Ba3CoSb2O9 [6] with an easy-plane anisotropy [6], only the energy within the plane
which includes the nearest neighbor exchange energy J , the elastic energy, and the
magnetoelastic energy are considered, with the spins being confined to the ab plane
due to the large exchange anisotropy Jc/J = 0.026 [6].
6.2 Elastic energy of Ba3CoSb2O9





where Cijkl are the bare elastic constants and eij are the strain components, with
i, j, k, l = x, y, z corresponding to the three orthogonal directions of a Cartesian co-
ordinate system. Using the Voigt notation, the elastic tensor can be simplified as a
6× 6 tensor through the transformation
(11)↔ 1 (22)↔ 2 (33)↔ 3
(23) = (32)↔ 4 (13) = (31)↔ 5 (12) = (21)↔ 6.






where α, β = 1, 2, ...6 and Cαβ = Cβα [103]. For the hexagonal symmetry, the elastic







































and therefore reduces to [103]
C =

C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0




As only the elastic coupling in the basal plane of Ba3CoSb2O9 is taken into consider-
















6.3 Linear-quadratic magnetoelastic coupling en-
ergy of Ba3CoSb2O9
The free energy of the linear-quadratic magnetoelastic coupling per unit cell of volume






where the coefficient Kijkl depends on the spin separation τij = ri − rj. Integrating
Eq. 6.7 and using the Voigt notation, we obtain









where Fme and FSe are associated with the uniform magnetization (m) and the an-
tiferromagnetic modulation (S), respectively. The magnetization tensor Mβ and the
spin polarization tensor Sβ are expressed in the Voigt notation as
Mβ = {m2x,m2y,m2z, 2mymz, 2mzmx, 2mxmy},
























For the hexagonal symmetry, the coefficients matrices K
(m/S)
αβ must remain invariant



























33 0 0 0
0 0 0 K
(m/S)
44 0 0
0 0 0 0 K
(m/S)
44 0









In this work, only the in-plane magnetoelastic coupling of Ba3CoSb2O9 is taken into
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Analysis of the experimental
results
7.1 Effective elastic constant with magnetoelastic
coupling
With the total free energy in Chapter 6, we can determine the angular dependence of




























which represent the uniform magnetic and the antiferromagnetic spin polarization
susceptibilities, respectively. In Eq. 7.1, the tensor elements associated with the first
term correspond to those given in Eq. 6.5, while the matrices of the second and third























































1 + cos (4β)
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For a hexagonal crystal structure, the velocity of longitudinal modes propagating
along the a-axis is given by VL[100] =
√
C11/ρ, where ρ is the mass density, and the












= A sin2(φ) +B sin2(φ) cos2(φ),
(7.4)
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Inspection of Eq. 7.4 immediately reveals that the 180◦ period is determined by A
while B is responsible for a 90◦ modulation. All experimental data have been fitted
using Eq. 7.4 in terms of the adjustable parameters A and B, as present in Fig. 7.1,
where we show one experimental curve per magnetic state for clarity. We conclude
that the analytical solution Eq. 7.4 (continuous red lines) accounts very well for the
observed angular dependence at all temperatures and fields. The values of A and B are
then used to evaluate the magnetoelastic coupling constants K
(m/S)
± which determine
the spin induced lattice distortions (strains).
In order to obtain the analytical solution for the strains, we minimize Eq. 6.1 with
respect to eα to have the equations
∂F
∂e1














cos (2φ) = 0,
∂F
∂e2



























sin (2φ) = 0.
(7.6)
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Solving Eqs. 7.6, we obtain































Here, the isotropic term e1 + e2 corresponds to the relative area variation of the basal
plane due to the uniform magnetization m and the antiferromagnetic modulation S.
However, e1 − e2 and e6 correspond to longitudinal and shear distortions leading to
a reduction of the crystal symmetry as the magnetic field is rotated away from the
direction of propagation of the acoustic wave (x̂(φ = 0) ‖ a-axis). These solutions
also indicate that the lattice distortions (e1 − e2 and e6) are exclusively related to
the magnetoelastic coupling coefficients K
(m/S)
− . In other words, the magnitude of B
provides information regarding the significance of the spin-induced distortions in the




Fitting result Fitting result
Figure 7.1: The red curves illustrate typical fits of ∆vL[100]/v using Eq. 7.4 for the
data obtained in the paramagnetic state and the different ordered states. Reprinted
with permission from [M. Li, A. Zelenskiy, J. A. Quilliam, Z. L. Dun, H. D. Zhou,
M. L. Plumer, and G. Quirion, Phys. Rev. B, 99:094408, 2019]. Copyright (2019) by
American Physical Society.
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7.2 Data analysis for paramagnetic state
We analyze the results by fitting the experimental curves obtained in the paramagnetic
state at 10 K (see Fig. 5.3(a)) using Eq. 7.4, and show the values of the parameters
A and B in Table 7.1. Considering that for the paramagnetic state the A and B
coefficients (Eqs. 7.5) depends uniquely on the magnetization, m = χmH, we obtain





















where kA = −(1.911 ± 0.001) × 10−6 T−2 and kB = −(2.2 ± 0.1) × 10−7 T−2 are
the slopes of the fitted lines presented in Fig. 7.2. Furthermore, using the Eqs. 7.8
with χm = 6.5 × 10−2(µB/T )/Co2+ [65], C11 = (17.3 ± 0.4) × 1010 N/m2 and C66 =
(5.3± 0.1)× 1010 N/m2 [9], we obtain the absolute values of magnetoelastic coupling
constants |K(m)+ | = (51 ± 1) × 104 N/m2 and |K
(m)
− | = (5.9 ± 0.2) × 104 N/m2.
Consequently, we can estimate the field induced deformations using Eqs. 7.7 with these
values. The magnitude of the deformations for Ba3CoSb2O9, shown in Table 7.2, are
comparable to magnetostriction data obtained for other triangular antiferromagnets
such as CsNiCl3 and RbNiCl3 [104].
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H(T) 5 7 9 10 11 12
A(×10−4) -0.476 -0.933 -1.54 -1.91 -2.31 -2.75
B(×10−5) 0.088 -0.23 -0.96 -1.23 -1.87 -2.48
Table 7.1: Values of the parameters A and B are determined in the paramagnetic
phase at 10 K.
T = 10 K H = 3 T H = 8 T
|e1 − e2| ∼ 6.2× 10−7 ∼ 4.4× 10−6
|e1 + e2| ∼ 2.5× 10−6 ∼ 1.7× 10−5
Table 7.2: Values of magnetostriction effects induced by the magnetic field aligned in
the basal plane for Ba3CoSb2O9 in paramagnetic state at T = 10 K.
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T = 10 K
Slope(A) = (-1.911 0.001)× 10-6 (T-2)
Slope(B) = (-2.2 0.1)× 10-7 (T-2)
 A
 B
 Fitting for A
 Fitting for B
H2 (T2)
Figure 7.2: The blue triangles and red squares represent the field dependence of
parameters A and B determined in the paramagnetic phase (10 K) and fitted using
Eq. 7.4 (continuous lines). Reprinted with permission from [M. Li, A. Zelenskiy, J.
A. Quilliam, Z. L. Dun, H. D. Zhou, M. L. Plumer, and G. Quirion, Phys. Rev. B,
99:094408, 2019]. Copyright (2019) by American Physical Society.
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7.3 Data analysis for the ordered states
In Table 7.3, we show the values of the A and B coefficients determined by fitting
the experimental curves using Eq. 7.4 in the different magnetically ordered states (see
Fig. 5.3(b), (c),(d)) at 2.5 K. These values are compared to results obtained in the
paramagnetic state at 10 K as shown in Fig. 7.3. The enhanced values of B in the
ordered states suggest that the lattice distortions are mainly associated with the an-
tiferromagnetic spin modulation S. Within the framework of the mean-field model
presented in Section 7.1 (Eq. 7.5), considering that there is no microscopic model for
χS, we simply use that χS = (∂
2F/∂S2)−1 for the evaluation of the magnetoelastic
coupling coefficient K
(S)
− presented in Fig. 7.4. What is unexpected regarding the
field dependence of K
(S)
− is that its value increases the most in the plateau state and
suddenly drops in the V state. This tendency goes against the mean-field numerical
predictions as m, S, and β are found to be field independent in the plateau phase.
Since all static thermodynamic variables are constant in the plateau state, we can only
account for the observed field dependence of K
(S)
− by considering the possible contri-
bution of spin fluctuations. So far we assume that the sound velocity measurements,
presented in Fig.5.3, are only affected by a mean-field coupling term such as 〈Si〉·〈Sj〉.
However, there exist numerous experimental results that the sound velocity in mag-
netic systems is also sensitive to spin fluctuations. For example, at the approach of
a magnetic state, the velocity generally decreases due to precursor effects associated
with spin fluctuations. In that case, the results of K
(S)
− presented in Fig.7.4 could
then reflect the field dependence of the spin fluctuations via the dynamic coupling
term 〈Si · Sj〉.
While the observed magnetoelastic coupling in Ba3CoSb2O9 is large in comparison
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H(T) (Y state) 3 4 5 6 7 8
A(×10−5) -0.97 -1.5 -3.1 -3.9 -4.6 -5.5
B(×10−4) 0.014 0.12 0.33 1.2 2.5 4.1
H(T) (uud state) 9 10 11 12 13 14 14.5 15 15.5
A(×10−4) 2.2 3.8 4.4 5.0 5.8 7.2 8.2 9.8 13.4
B(×10−2) -0.16 -0.28 -0.35 -0.44 -0.60 -0.94 -1.3 -2.0 -3.6
H(T) (V state) 16.5
A(×10−3) 1.0
B(×10−3) -0.18
Table 7.3: Values of the parameters A and B are determined in the Y, uud and V
phases at 2.5 K.
to other triangular lattice antiferromagnets, it is still too weak in order to fully ac-
count for the observed magnetization plateau width. Based on our numerical analysis,
the magnetoelastic mechanism would lead to a plateau width of 0.1 T in comparison
with the experimental value of 6 T. We estimate that lattice distortions of the order
of e1 − e2 ∼ 10−3 would be required in order to account for the full width of the
magnetization plateau in Ba3CoSb2O9. To our knowledge, no such large distortions
have been observed in Ba3CoSb2O9. While we can probably rule out that the magne-
tization plateau is stabilized by magnetoelastic coupling in the case of Ba3CoSb2O9,
we attribute the field dependence of the magnetoelastic coefficient K
(S)
− (Fig. 7.4) to
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the effect of spin fluctuations increasing in order to induce and stabilize the mag-
netization plateau. Another remarkable observation is that our results indicate that
these fluctuations are suddenly suppressed or reduced as the V phase is stabilized at
higher fields. Thus, to fully account for the experimental results presented in contri-
bution, models including magnetoelastic couplings influenced by spin fluctuations are
clearly required. Moreover, as shown by recent experimental work on spin fluctuations
on Ba3CoSb2O9 [66, 105, 106], new theoretical approaches are needed to describe the
dynamic magnetic properties of low-dimensional frustrated magnets.
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Figure 7.3: Angular magnetoelastic coefficients A and B determined at T = 2.5 K
using Eq. 7.4. The blue triangles and red squares represent the values of A and B in
the different ordered states, which are compared with the values determined in the
paramagnetic state (the dashed lines).
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Figure 7.4: Field dependence of the magnetoelastic constant K
(S)
− obtained at 2.5 K.
Reprinted with permission from [M. Li, A. Zelenskiy, J. A. Quilliam, Z. L. Dun, H.
D. Zhou, M. L. Plumer, and G. Quirion, Phys. Rev. B, 99:094408, 2019]. Copyright
(2019) by American Physical Society.
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7.4 Data analysis for thermal and quantum fluctu-
ations
Since the field dependence of magnetoelastic coupling in Ba3CoSb2O9 is influenced
significantly by spin fluctuations in ordered states [3], we explore the effect of thermal
and quantum fluctuations by measuring the sample at the temperatures shown in
Fig. 7.5, 10 K and 20 K. Comparing the results determined at 2.5 K, 3 K and 4.4 K,
we can distinguish the contributions of the thermal and quantum fluctuations in Y
and uud states. The measured points with medium fields are close to the boundary
of uud and paramagnetic state at T = 5.5 K, which are used for presenting the short
range correlation with effect of spin fluctuations. Furthermore, the results at higher
temperatures, T = 10 K and 20 K, are shown for the paramagnetic state with strong
thermal fluctuations.
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Figure 7.5: The chosen temperatures, 2.5 K, 3 K, 4.4 K and 5.5 K, are shown in the ex-
perimental H-T phase diagram of Ba3CoSb2O9 obtained by ultrasonic measurements
for H ‖ a-axis [9].
114
7.4.1 Effect of thermal fluctuations at 20 K
We analyze the results obtained in the paramagnetic state at 20 K by fitting the
experimental curves shown in Fig. 5.7, and show the values of the parameters A and
B in Table 7.4. Considering m = χmH in the paramagnetic state, we can fit A and
B using Eq. 7.8, and present the fitted lines in Fig. 7.6. The slope of the parameter
A, kA(T = 20K) = −(1.910± 0.001)× 10−6 T−2, is same as the value at 10 K, while
kB(T = 20K) = −(1.3±0.6)×10−8 T−2 is at least one order of magnitude smaller than
the slope of the parameter B at 10 K (see Fig. 7.2). According to Eq. 7.7, compared
with the results obtained at 10 K, the parameter B and kB at 20 K indicate smaller
lattice distortion which corresponds to weaker magnetoelastic coupling. Moreover, the
neighboring magnetic ions interact very weakly with each other in the paramagnetic
state at high temperature due to the strong thermal fluctuations [17]. Therefore, with
the decrease of temperature which is related to weaker thermal fluctuations, the short
range correlation and the magnetoelastic coupling play more important roles in the
system, which account for the increment of the lattice distortion.
H(T) 3 5 6 7 8 9 10
A(×10−4) -0.16 -0.47 -0.68 -0.93 -1.2 -1.5 -1.9
B(×10−6) 1.0 3.8 2.6 3.6 4.3 3.3 3.8
H(T) 11 12 13 14 15 16
A(×10−4) -2.3 -2.7 -3.2 -3.7 -4.3 -4.9
B(×10−6) 2.7 2.3 3.3 1.8 1.1 -4.3
Table 7.4: Values of the parameters A and B are determined in the paramagnetic
phase at 20 K.
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Slope(B) = (-1.3 0.6)× 10-8(T-2)
Slope(A) = (-1.910 0.001)× 10-6(T-2)
 A T=20K
 Fitting for A
 B T=20K
 Fitting for B
H2 (T2)
Figure 7.6: The blue triangles and red squares represent the field dependence of
parameters A and B determined in the paramagnetic phase (20 K) and fitted using
Eq. 7.4 (continuous lines).
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7.4.2 Effect of spin fluctuations close to phase boundary
In Table 7.5, we show the values of the coefficients A and B determined by fitting the
experimental curves in Fig. 5.4 measured at 5.5 K using Eq. 7.4, and compare these
values with the results obtained in the paramagnetic state at 10 K in Fig. 7.7. As
shown in Fig. 7.7(a), the values of the parameters A and B with H < 8 T are close to
the dashed lines obtained at 10 K. When H > 8 T, the parameter A deviates from the
blue line (A values at 10 K) quickly as shown in Fig. 7.7(b). Moreover, the absolute
value of B increases rapidly as the measured points are close to the phase boundary
of uud and paramagnetic states, while drops for H > 15 T due to the deviation
from the phase boundary. Previous theoretical works [5, 107, 108] have proved that
the stabilization of the uud state and the increment of TN at the P→uud phase
boundary are mainly accounted for by the entropic order by disorder mechanism which
is produced by thermal fluctuations. Our work presents an experimental evidence of
the thermal fluctuations through the magnetoelastic coupling. On the other hand,
although the system is still in paramagnetic state close to the phase boundary between
uud and paramagnetic states, the short range correlation is very important, and the
magnetoelastic coupling is influenced intensely by spin fluctuations.
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H(T) 3 4 5 6 7 8
A(×10−5) -1.4 -2.4 -3.8 -5.6 -7.2 -9.0
B(×10−5) 0.18 0.15 0.11 -0.35 -1.4 -3.7
H(T) 9 10 11 12 13 14 15 16
A(×10−4) -1.1 -1.2 -1.3 -1.4 -1.7 -2.1 -2.7 -3.5
B(×10−4) -0.87 -1.6 -2.7 -3.9 -4.9 -5.3 -5.4 -5.2
Table 7.5: Values of the parameters A and B are determined in paramagnetic state
with the points relatively far from (H ≤ 8 T and H ≥ 16 T) and close to (9 T ≤ H ≤
15 T) the phase boundary between uud and paramagnetic states at 5.5 K.
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(a) T = 5.5 K
 A
 B
 A at 10 K















 A at 10 K
 B at 10 K
H(T)
Figure 7.7: Angular magnetoelastic coefficients A and B determined at T = 5.5 K
using Eq. 7.4. The blue triangles and red squares represent the values of A and B for
the paramagnetic state at 5.5 K, which are compared with the values determined in
the paramagnetic state at 10 K (the dashed lines).
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7.4.3 Effect of quantum fluctuations in ordered states
The values of A and B coefficients, determined by fitting the experimental curves in
Fig. 5.5 at 4.4 K and Fig. 5.6 at 3 K using Eq. 7.4, are shown in Table 7.6 and Table 7.7,
respectively. As shown in Fig. 7.8(a), the parameters A and B in paramagnetic at T
= 4.4 K state with low magnetic field (H < 7.6 T) are close to the values obtained at
10 K. In uud state at T = 4.4 K as shown in Fig. 7.8(b), the A and B coefficients are
of the same order of magnitude as the values obtained in uud state at 2.5 K. While
different from the values of parameter B at 2.5 K which increase rapidly closing to
the phase boundary of uud and V state, B value at 4.4 K increases slowly closing to
the top side of the phase boundary of uud and paramagnetic states. Comparing the
fitting results obtained in Y and uud state at T = 3 K and 2.5 K shown in Fig. 7.9,
we present that the values of the parameters A and B are almost same, except the
points very close to the phase boundaries (with H = 8 T and 16 T). As a result, also
considering the ranges of the Y and uud states are almost not changed with T < 3 K
(see Fig. 7.5), the magnetoelastic coupling of the Y and uud states is temperature
independent between T = 3 K and 2.5 K. These results indicate that the thermal
fluctuations are still important in the uud state with T > 3.8 K, which is consistent
with the entropic order by disorder mechanism [5, 107, 108]. In contrast, the effect
of the thermal fluctuations on magnetoelastic coupling are negligible in the Y and
uud states of Ba3CoSb2O9 at low temperature, while the quantum fluctuations are
dominant. However, in order to confirm this conclusion, more experimental data,
especially for T < 2.5 K, is needed.
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H(T)(paramagnetic state) 5 6 7
A(×10−5) -3.2 -4.4 -5.2
B(×10−5) 1.4 1.5 -3.2
H(T)(uud state) 8 9 10 11 12 13 14 15 16
A(×10−4) -0.078 0.68 1.7 2.5 3.2 3.7 4.1 3.9 2.8
B(×10−3) -0.51 -1.2 -2.0 -2.8 -3.5 -4.5 -5.8 -7.4 -8.2
Table 7.6: Values of the parameters A and B are determined in paramagnetic state
and uud state at 4.4 K.
H(T) (Y state) 3 4 5 6 7 8
A(×10−5) -0.91 -1.7 -2.8 -4.1 -5.2 -7.9
B(×10−4) 0.024 0.11 0.37 1.1 2.8 6.7
H(T) (uud state) 9 10 11 12 13 14 15 16
A(×10−4) 2.5 3.6 4.3 4.9 5.7 6.9 8.9 14.9
B(×10−2) -0.20 -0.28 -0.35 -0.44 -0.58 -0.88 -1.7 -4.7
Table 7.7: Values of the parameters A and B are determined in the Y, uud phases at
3 K.
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T = 4.4 K
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T = 4.4 K
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Figure 7.8: Angular magnetoelastic coefficients A and B determined at T = 4.4 K
using Eq. 7.4. The blue triangles and red squares represent the values of A and B
for paramagnetic state and uud states at 4.4 K, which are compared with the values
determined in the paramagnetic state at 10 K (a) and the uud state at 2.5 K (b).
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 A at 3 K
 B at 3 K
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 A at 3 K
 B at 3 K
 A at 2.5 K
 B at 2.5 K
H(T)
(a)
Figure 7.9: Angular magnetoelastic coefficients A and B determined at T = 3 K using
Eq. 7.4. The blue triangles and red squares represent the values of A and B in Y




Due to the interest in the magnetic properties discovered in the quasi-2D frustrated
triangular lattice antiferromagnet, we studied Ba3CoSb2O9 which has equilateral tri-
angular lattice and easy-plane anisotropy in this project. As the importance of the
interlayer interaction has been proved in the experiments on Ba3CoSb2O9 [6, 80],
the effect of the antiferromagnetic interlayer interaction on the ground states of the
layered easy-plane TLAFs is explored using a 3D classical Heisenberg model with bi-
quadratic exchange coupling between nearest-neighbour ions within the basal plane.
In order to explore the contribution of the spin fluctuations and the magnetoelastic
coupling for stabilizing the magnetization plateau, a new method based on ultrasonic
measurement is applied on the Ba3CoSb2O9 sample.
To study the ground state magnetization processes of realistic quasi-2D TLAFs,
we take into consideration in a two-layer classical Heisenberg model the single ion
anisotropy (D = 0.05), the bi-quadratic exchange coupling (γ = -0.05) for mimicking
the the effect of spin fluctuations [2] and the antiferromagnetic interlayer interaction
(Jc). For H ‖ ab-plane, the additional state (C state) is obtained with 0 < Jc < 0.14.
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This result is consistent with Ref. [11] and could account for the experimental results
of Ba3CoSb2O9 with H in the ab-plane [6,80]. Meanwhile, the magnetization plateau
decreases with the increment of Jc and vanishes with Jc > 0.1. For larger values of
Jc (Jc > 0.14), other new states (the W and V
′ states), not previously reported, are
also observed. The spin configurations of the W and V′ states show the appearance
of small z components due to the interlayer interaction competing with the single ion
anisotropy. For H ‖ c-axis, a new state (Cz state) is obtained with 0 < Jc < 0.06.
Moreover, when Jc is large enough, only the state corresponding to the Umbrella
phase in the 2D model exits. Furthermore, all ground states of the two-layer model
have the same ordering wave vector Q = (1/3, 1/3, 1/2). We believe that a detailed
analysis of relevant experimental results on existing and yet to be discovered TLAFs
may benefit from the results present here.
Analyzing the results of the ultrasonic measurement, we conclude that the mag-
netoelastic coupling in Ba3CoSb2O9 is large in comparison to other triangular lattice
antiferromagnets, while it is still too weak in order to fully account for the observed
magnetization plateau width. In order to account for the full width of the magneti-
zation plateau in Ba3CoSb2O9 which is about 6 T, the lattice distortions of the order
of e1 − e2 ∼ 10−3 would be required. However, the remarkable observations, that the
values of the magnetoelastic coefficient K
(S)
− (Fig. 7.4) are large and field dependent
in the plateau state while suddenly suppressed or reduced in the V state, indicate
that models including magnetoelastic couplings influenced by spin fluctuations are
needed. Moreover, comparing the experimental results at 2.5 K, 3 K, 4.4 K, 5.5 K,
we explore the effects of the quantum and thermal fluctuations on the magnetoelastic
couplings. When the system in paramagnetic state is close to the phase boundary
between uud and paramagnetic states, the short range correlation becomes very im-
portant, and the magnetoelastic coupling is influenced intensely by spin fluctuations.
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The analysis of ordered states at different temperatures indicates that the effect of
the thermal fluctuations on magnetoelastic coupling are negligible at low tempera-
ture, while the quantum fluctuations are dominant. However, in order to confirm this
conclusion, more experimental data, especially for T < 2.5 K, is needed. Meanwhile,
Monte Carlo simulations with the biquadratic exchange coupling (γ < 0) would also
be useful.
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Appendix A
Effective elastic constant matrix C∗
In order to determine the general formula of the effective elastic constant C∗, Eq. 7.1,
we first define the free energy as the function of strain e and the variable Q:
F = F (eα, Qβ), (A.1)
where α, β = 1 ∼ 6 in Voigt notation. Considering the total second derivative of F










































Since ∂F/∂Qγ = 0 at equilibrium, we obtain









where Cαβ = ∂
2F/(∂eα∂eβ) is the bare elastic constants. In order to generate the
expression of dQη/deβ, we use
d
deα


































Writing Eq. A.4 in matrix form, we have
R̂ + M̂P̂ = 0. (A.5)



















































where D is the determent of M̂ , and Dη is the determent of the matrix which is
generated by substituting the column vector −R̂ for the ηth column of M̂ . Finally,
including α, we derive the general formula of the effective elastic constant
C∗αβ = Cαβ +
∑
η
P̂αηM̂βη. (A.8)
